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We explore how allowing votes to be traded separately of shares may affect the efficiency of cor-
porate control contests. Our basic set-up and the nature of the questions continue the work ofGrossman
and Hart(1980), Harris and Raviv(1988), andBlair, Golbe and Gerard(1989). We consider three cases
with respect to the allowable price offers (for shares and for votes when they can be traded separately):
unrestricted price offers, quantity-restricted price offers, and price offers contingent on winning. Our
main results are characterizations of the equilibria and of the circumstances under which vote buying
is harmful. We show that allowing votes to be traded separately of shares results in inefficiencies in all
the cases we study. Similarly allowing quantity-restricted offers is also harmful, but allowing conditional
offers is not in itself detrimental to efficiency. The paper also makes a methodological contribution to
the analysis of takeover games with atomless shareholders. It provides a way of dealing with asymmetric
equilibria that must be dealt with for a complete analysis and it proves existence of an equilibrium.
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1. INTRODUCTION

We study contests over the control of a firm with widely dispersed ownership. The focus is on
the implications of allowing the sale of votes separately from shares. There is a substantial recent
literature arguing that vote buying occurs in practice (albeit indirectly) but we are unaware of
any model that fully characterizes and contrasts the equilibrium outcomes with and without vote
trading and that pinpoints the effect on efficiency and shareholder profits of allowing for separate
vote buying.

This paper is a direct follow-up on the early literature on the allocation of voting rights
to shares which goes back toGrossman and Hart(1980), Harris and Raviv(1988) andBlair,
Golbe and Gerard(1989). While our basic set-up and the nature of the questions follow this
literature, the results obtained are new. A more detailed discussion of the relation to the literature
is presented in Section2 below.

Following the literature, our model features two contestants competing for control—an in-
cumbent and a rival. The rival moves first and makes a tender offer to the shareholders. The
incumbent responds with a competing offer. Then the shareholders simultaneously make their
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tendering decisions that determine which contestant obtains control. The firm generates income
for its shareholders and a private benefit for the party in control; the magnitudes of the income
and benefits depend on the identity of the parties. In addition to outright offers for shares (and for
votes when such offers are permitted), we allow the contestants to make either conditional offers
(contingent on winning) or restricted offers (placing a cap on the quantity of shares that will be
purchased at the announced price).1 We show that allowing vote buying is (always weakly and
sometimes strictly) harmful in terms of efficiency in all versions of the model (i.e.whether or not
quantity restrictions are allowed and whether or not conditional offers are allowed). Allowing
restricted offers is also harmful to efficiency (whether or not vote buying is allowed). However,
allowing conditional offers is not in itself detrimental to efficiency. There are of course other
considerations like the presence of taxation (Blair, Golbe and Gerard, 1989) under which vote
buying might increase efficiency. The present work highlights the costs directly resulting from
the forms of contracts allowed.

A main contribution is an exact characterization of when and why vote buying is harmful,
which should enable future work to contrast more precisely the costs and benefits of vote buying.
The sharp observations we obtain regarding efficiency no longer hold if we look at the profits of
the initial shareholders alone (ignoring the benefits of control). In particular, there are parameters
for which allowing separate vote trading increases shareholder profits, despite being harmful for
efficiency.

Besides the substantive insights outlined above, the paper also has a methodological contri-
bution to the analysis of takeover games with a continuum of shareholders. It provides a way of
dealing with the mixed or asymmetric strategies that are crucial for the analysis.2

Indeed, we show that the asymmetric equilibria play two crucial roles in generating the ineffi-
ciencies of vote trading. (This is the case despite the fact that we also prove that along the equilib-
rium path only symmetric strategies are used.) First, an inefficient rival may make a pre-emptive
offer against which the only winning counter-offers of the efficient incumbent lead to subgames
with asymmetric equilibria that cause the incumbent to incur losses. Second, asymmetric equi-
libria in off-path subgames can prevent an efficient rival from making a profitable offer because
the inefficient incumbent can subsequently lead play to a subgame with an asymmetric equilib-
rium that results in losses to the rival. Interestingly, the asymmetric equilibria effectively enable
the incumbent to obtain the same outcome as results from using a quantity-constrained offer.
These intuitions are explained in more detail in Sections4.2(before Theorem2) and4.2.1.

The paper also develops arguments that facilitate characterization results without fully con-
structing the set of equilibria and deals with the question of existence. Thus, this contribution
provides a full characterization of equilibria that can be used to study these and related issues.

The original motivation for our interest was to understand the difference between the acqui-
sition of control in the corporate context and vote buying in elections in the political context.
Intuitive discussions tend to view the former activity as efficiency enhancing and the latter as
detrimental and it is interesting to understand whether and in what sense this might be true. This
question has already been discussed to some extent byDekel, Jackson and Wolinsky(2008).
The present analysis deepens the understanding by emphasizing that, in the corporate arena, the
acquisition of control could be associated with efficiency only because shares are traded with
the votes. Vote buying alone is not efficient in the corporate context as well. In the political
arena, there is no natural analog to the trading of shares. Such an analogue would require that

1. We assume small shareholders to rule out equilibria where they are pivotal and assume that the competing
parties must make identical offers to all shareholders.

2. Asymmetric strategies (or equilibria) mean throughout that different shareholders make different tendering
decisions, despite being identical.
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each vote-buying party will receive from (or compensate) the voters who tender their votes to
that party any future benefit (or loss) that those voters enjoy (or suffer) from the policies imple-
mented by the winning party. Our analysis does imply that when there are such conditionalex
posttransfers, allowing vote buying would be efficiency enhancing.

2. RELATED LITERATURE

A large literature on the efficiency of takeovers follows the work of Grossman and Hart (1980
and1980; henceforth GH80 and GH88) andHarris and Raviv(1988; henceforth HR).The main
message of GH88 and HR is the optimality of one share–one vote for efficiency and the potential
benefits of violating it for maximizing shareholder profits. Our results extend this general mes-
sage to the important case of vote buying (which while closely related is strictly speaking not
covered by their framework) and furnish it with firmer foundation by providing a complete equi-
librium analysis. In the remainder of this section, we attempt to place our work in the context of
the broader literature, but obviously this is not a comprehensive survey.3

One of the first formal papers on takeovers, GH80, considers the case of a single bidder (i.e.
the incumbent cannot counter-offer) with dispersed ownership of the firm and studies the result-
ing free-rider problem. A subsequent literature has discussed the role of separating cash flows
from voting rights in overcoming this free-rider problem. See,e.g.At, Burkart and Lee(2011),
Burkart and Lee(2010), Burkart, Gromb and Panunzi(1998), Gromb(1992), andMarquez and
Yilmaz (2006).4

This is quite different from our model that, following GH88 and HR, considers the case
where the incumbent can make a counter-offer. While HR consider equilibria that allow (all)
shareholders to be pivotal, we adopt the GH perspective of equilibria where shareholders are not
pivotal. We think that pivot considerations are relevant in a situation in which a small number of
large shareholders are holding indivisible blocks of shares, whereas ignoring them seems more
suitable for a situation in which the shares are widely distributed among many small sharehold-
ers, and this is the context of interest to us. (In a related context,Dekel, Jackson and Wolinsky
(2008, Section V.C), we argued that pivotal equilibria are not robust.)

In this environment, it is accepted that one share–one vote yields efficient takeovers: “In
widely held firms, one share–one vote is optimal only when several bidders compete, as it en-
sures that the most efficient bidder gains control” (Burkart and Lee, 2008). Our initial result is a
small contribution to this commonly held conclusion by making precise a game and its equilibria
(and the refinements needed) to obtain such a result when shareholders are not pivotal.

Much of the literature focuses on the effect of dual-class shares and does not explicitly in-
clude the case of trading votes separately from shares which we study. That trading votes may
be inefficient in environments such as those considered by GH88 is intuitive from arguments
regarding the inefficiencies of dual-class shares. But we are not familiar with any model that
explicitly demonstrates and identifies the inefficiencies that result from vote buying in such en-
vironments, which is the focus of our analysis.

There is also a notable literature on vote trading and, more generally, empty votes (which are
different ways of decoupling shares from votes, including direct vote trades—as we consider,
using derivatives, and other methods). Hu and Black (2007) discuss the many ways that empty
voting can and does occur. They also document cases where it appears to have been harmful.

3. A broader discussion of the literature is contained, for instance, in the recent survey byBurkart, Gromb and
Panunzi(1998).

4. Bebchuk and Hart(2001) argue that combining a tender offer for shares and a proxy vote also yields efficiency.
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Christoffersenet al. (2007) also find evidence of vote trading (specifically in the equity loan
market). But they also find that the average vote trades for a zero price, which they argue follows
from asymmetric information and facilitates information aggregation.Schouten(2010) discusses
further the possibility that vote buying has benefits due to asymmetric information. By contrast
with Christoffersonet al., Aggarwal, Saffi and Sturgess(2011) andKalay, Karakas and Pant
(2011) find an increase in the cost of a vote near voting events.5

We now turn to the theoretical work on efficiency and vote tradingper se. Blair, Golbe and
Gerard(1989) study efficiency and use a basic model that is similar to ours, but they reach the
very different conclusion that withonly contingent offers vote trading does not harm efficiency.
Our analysis shows that this result doesnot hold in the natural environment where contenders
can make non-contingent offers as well. Based on their result that vote trading is efficient in
the basic model,Blair, Golbe and Gerard(1989) go on to argue that in the presence of other
elements like taxation, it might be superior to allow vote trading. Of course, if one allows for non-
contingent offers as we do, then a trade-off will arise. The complete analysis of the inefficiencies
of vote trading that we provide is a necessary first step towards fully comparing such costs and
benefits.

Hu and Black (2007) also argue that decoupling votes from shares can be beneficial as it
may “strengthen shareholder oversight or, under some circumstances, foster efficient investment
decisions,” but they note that it may be harmful as well since it can “facilitate insider entrench-
ment, destabilize dispersed ownership, and, in the case of vote holders with a negative economic
interest, sever the usual assumption that shareholders have a common interest in increasing firm
value”. Our model shows precisely when a form of insider entrenchment is facilitated—in the
sense of showing exactly when an inefficient incumbent retains control. Moreover, we also study
the additional harmful effect that insiders can be weakened to the point that an inefficient rival
can gain control. The analysis of Hu and Black is done without the constraints of a formal equi-
librium model and raises interesting questions that seem worth pursuing formally. While it lies
outside the scope of the current paper, once again our formal model may facilitate such devel-
opments and should be useful for studying the exact trade-offs between the benefits and harms
of vote trading.

Kalay and Pant(2009) allow shareholders to buy and sell votes and shares separately by
trading derivatives. Thus, they show that one share–one vote is not enforceable in the presence
of derivatives. They then argue that shareholders will trade so that the equilibrium will be effi-
cient and shareholders extract the full surplus from the winning bid.6 Thus, both efficiency and
shareholder optimality are obtained. However, their model differs in some crucial respects from
ours. First, they do allow for shareholders to be pivotal, which as we argued seems inappropri-
ate for some contexts of interest. Second, while they allow shareholders to trade derivatives to
change their holdings from a one share–one vote starting point, they do not allow shareholders
to separate and sell their votes directly to the contestants, which is what we study. If that was
possible as well, it is not clear what the result would be: it seems possible that the contestants
could use offers for separate votes to their benefit and change the efficiency and shareholder
revenue results. (Kalay and Pant do consider the case where the rival can trade in the derivatives
market, but only in the case where there is a block shareholder.)

5. The papers use different methods to assess these costs.
6. We do not understand their proof since the timing of the game is not clear to us. (The proof of their Lemma

II.2. seems to allow in one case the incumbent and in another case the raider to move first.) For some parameter values,
their result still seems to us valid, but it is not clear to us whether the strong efficiency and surplus extraction results that
build on this lemma hold in general.



200 REVIEW OF ECONOMIC STUDIES

There are other papers that study corporate vote buying but not in a takeover context. For
example,Brav and Mathews(2011) study how a trader can use derivatives to deviate from one
share–one vote. This can be beneficial or harmful, but they show that it is likely to be harmful
when shareholders vote correctly and separating votes from shares is inexpensive. This comple-
ments our result as their inefficiency is due to another source—a trader short-selling the stocks
and then using votes to lower the firm’s value. In another vein,Neeman and Orosel(2006) con-
sider a repeated game in which vote buying signals competence and show that if the difference
between the value of control and the outside option is increasing/decreasing in ability, then al-
lowing vote buying is beneficial/harmful.

There are also some papers related to our methodological contribution.Bagnoli and Lipman
(1988, henceforth BL) analyse a model in which a raider makes a takeover bid (that is not met by
an incumbent’s response). They develop a model with a finite number of shareholders and study
its limit as the number grows. They contrast this with GH80 who analyse the same situation
using a model with atomless and non-pivotal shareholders. BL do not define the asymmetric
equilibria of the limit continuum game, and hence, they neither characterize nor study it directly
as we do. Substantively, BL follow GH80 in inquiring how the free-rider problem might impede
takeover attempts. Our substantive focus is instead on the effect of allowing trading of votes
separately from shares in a contest.Hirshleifer and Titman(1990) develop a variant of GH80,
based more onShleifer and Vishny(1986), wherein the raider has private information and a
block of shares (and the incumbent cannot respond to the raider’s offer). Hirshleifer and Titman
use asymmetric equilibria in a manner similar to what we do here to fully solve that model.

3. THE MODEL AND ANALYSIS

3.1. The model

This is a model of a contest for control of a firm. Initially, the firm is controlled by the incumbent
management team,I , and the shares of the firm are spread uniformly across a continuum of
identical shareholders denoted by the interval [0,1]. Each share is bundled with a vote. A rival
management team,R, is trying to gain control of the firm by acquiring from the shareholders the
majority of the votes. We will refer toR and I as the contenders.

UnderR’s control, the firm has valuewR > 0, which is the total value of the income accruing
to the shareholders, andR has private benefitbR > 0.7 Similarly, wI andbI represent the firm
value and private control benefit underI ’s control. Thus, if in the end—after all transactions
were performed and all contingencies realized—contenderk owns a fractionα of the shares
after having paid to shareholders the total sum oft , thencontender k ’s pay-offis αwk − t +bk
if it wins and it isαw j − t if j 6= k wins. Whenk wins, thepay-off to a shareholderwho was
paidz is z+wk if this shareholder still owns the share and justz if not.

To economize a bit on the taxonomy, we assume thatwI +nbI 6= wR+n′bR, for anyn,n′ ∈
{0,1,2}. This implies in particular that in all scenarios the total value is always maximized under
the control of a unique contender.8

We consider two basic situations with respect to the allowable trades: one where shareholders
can tender only shares (bundled with the votes) and one where shareholders may also sell the

7. The assumption that the parties in control may be able to extract private benefits is standard in the related
literature. Some theoretical justification is provided byBerle and Means(1932) andJensen and Meckling(1976); some
empirical justification can be found inDodd and Warner(1983) andJohnsonet al. (2000).

8. This assumption also guarantees that, when each contender makes the maximal offer it can make without
incurring a loss, there will be no tie.
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votes separately (while keeping the shares and hence the income accruing to them).9 In the
former, each contenderk ∈ {I , R} quotes a priceps

k per share; in the latter, each quotes a pair
of prices(ps

k, pv
k) for full shares (including votes) and for just votes (with no claim to income),

respectively. In each of these situations, we consider three scenarios that differ in terms of the
additional conditions that the contenders may attach to the price offers. In the basic scenario,
the contenders are allowed to make only unrestricted price offers: all the shares tendered to
them must be purchased at the quoted prices. In other scenarios, the contenders are allowed to
qualify their price offers with quantity restrictions and conditions. We will present the details
of those scenarios later on when we turn to analyse them. Since the basic model is common
to all scenarios, we continue to outline the model using the general term “offer” to represent
the combination of prices and whatever additional conditions that may accompany them in the
different scenarios. LetFk denote the set of feasible offers andfk ∈ Fk denote an individual
offer, by contenderk ∈ {I , R}.

The contenders move in sequence. First,R makes an offerfR ∈ FR to all shareholders. Then
I responds with an offerf I ∈ FI to all shareholders. After observing both offers, shareholders
make their tendering decisions simultaneously. Finally,Rgains control if following the tendering
stageR has successfully purchased 50% of the votes (either with or without shares). Otherwise
I remains in control. In other words, thestatus quois for I to remain in control unlessR obtains
more votes thanI .10

Strategiesare defined in the usual way. A strategyσR for R is a feasible offer,σR ∈ FR; a
strategyσI for I prescribes a feasible offer as a function ofR’s offer,σI : FR → FI ; a strategy for
a shareholder specifies a tendering decision (whether and which of the offered tendering options
to accept) as a function of the offers( fR, f I ) made byR and I .

A tendering outcomeis a four-tuplem = (ms
R,mv

R,ms
I ,mv

I ), wheremh
k is the fraction of all

shares (h = s) or votes (h = v) that is being tendered to contenderk = R or I . (When only
shares can be traded,mv

k ≡ 0 and we can write(ms
R,ms

I ) instead.) The tendering outcome fully
determines the fraction of votes that each of the contenders ends up controlling (e.g.in a scenario
in which a contender must purchase all shares and votes tendered to it,R ends up controlling
ms

R +mv
R of the votes).

We denote byπ the probability that R wins. The set ofπs that are compatible withm
is denoted by5(m). That is, if ms

R + mv
R > 1/2, then5(m) = {1}; if ms

R + mv
R < 1/2, then

5(m) = {0}; and ifms
R +mv

R = 1/2, then5(m) = [0,1].11

An outcomeof the tendering subgame following offersfR and f I is a pair(m,π) fR, f I with
π ∈ 5(m).

3.2. The solution concept

3.2.1. Subgame perfect equilibrium. An equilibrium in the tendering subgameis an
outcome(m,π) fR, f I satisfying the following: (i) Ifmh

k > 0, for h = s or v andk = I or R,
then shareholders’ expected pay-off from tendering instrumenth to contenderk is at least as

9. There is no need to consider the option of selling just the share without the vote since in the presence of risk
neutrality and complete information assumed in this model, the value of a voteless share is the same for all actors and
there is no reason to trade it.

10. The alternative where at the end of all trades there is a proxy vote is commented on later.
11. Letting anyπ be feasible whenms

R + mv
R = 1/2 will be necessary for the existence of an equilibrium in the

tendering subgame.
Note thatms

R+mv
R = 1/2 and anyπ can arise as the limit behaviour asN → ∞ over a sequence of models with

N shareholders who tender toR with an appropriately chosen probability that tends to 1/2 while the winning probability
it implies tends toπ .



202 REVIEW OF ECONOMIC STUDIES

high as with any other available option. (ii) If some agent does not tender shares nor votes,i.e.∑
k,h mh

k < 1, then shareholders’ expected pay-off from not tendering is at least as high as with
any other available option.

For example, when only shares are traded, part (i) implies that

ms
R > 0 ⇒ ps

R ≥ max{ps
I ,πwR + (1−π)wI },

while part (ii) means that

ms
R +ms

I < 1 ⇒ πwR + (1−π)wI ≥ max{ps
I , ps

R}.

We emphasize thatπ is determined in equilibrium:π enters the optimality conditions for share-
holders, andπ must also be consistent with shareholder behaviour (π ∈ 5(m)).

A subgame perfect equilibrium(SPE) in the entire game, given setsFR, FI of feasible offers,
consists of strategiesσk, k = R, I , and for each pair of offersfR, f I a selection of an equilibrium
outcome in the tendering subgame(m,π) fR, f I such that neitherR nor I can increase the pay-off
it gets in the resulting outcome(m,π)σR,σI (σR) by deviating from itsσk.

3.2.2. Our solution concept—a refinement of SPE. Our solution concepts refines SPE
by imposing two additional requirements. One rules out knife-edge equilibria that rely on share-
holder indifference and would not survive perturbations of the game. The other essentially rules
out equilibria in the subgame that are Pareto dominated for the shareholders. The formalization
of these requirements is as follows.

Definition1. The offers fR, f I are said to betie-freeif ph
k 6= ph

j andps
k 6= pv

j +w j for h ∈ {s,v}
and j 6= k ∈ {R, I }.

Definition2. An SPE( f ∗
R,σ ∗

I , {(m∗,π∗) fR, f I : ( fR, f I ) ∈ FR× FI }) is robustif for any fR, f I ,
andε > 0, there are tie-free offers( f ε

R, f ε
I ) in anε-neighbourhood offR, f I and an equilibrium

in the tendering subgame following( f ε
R, f ε

I ), denoted(m,π) f ε
R, f ε

I
, such that

1.
∣
∣(m∗,π∗) fR, f I − (m,π) f ε

R, f ε
I

∣
∣< ε and

2. (m,π) f ε
R, f ε

I
is not Pareto dominated for the shareholders by any strict equilibrium in the

tendering subgame followingf ε
R, f ε

I .

In other words, consider the outcome(m∗,π∗) fR, f I prescribed by the equilibrium for the
tendering subgame following the offers( fR, f I ). If these offers involve no ties and there is no
other strict equilibrium outcome that is preferred by all shareholders, then the robustness con-
dition is satisfied. If( fR, f I ) involve ties, then the robustness condition requires that there must
be nearby offers,( f ε

R, f ε
I ), that involve no ties and such that there is some equilibrium outcome

(m,π) f ε
R, f ε

I
of the ensuing subgame that is (1) close to the original equilibrium(m∗,π∗) fR, f I

and (2) not Pareto dominated by any strict equilibrium of that subgame.
Part (1) of the robustness refinement pins down how ties are broken.12 In its absence, tie

breaking will not be pinned down uniquely by the equilibrium. For example, consider the sce-
nario in which the contenders may only buy shares at unrestricted prices. Consider a subgame
after R offers a priceps

R ∈ (wI + bI ,wI + 2bI ). If I were to offerps
I = ps

R, then shareholders
would be indifferent between tendering toI and to R. Then I would profit from this if a bit

12. The definition of tie-free offers is stated here only in terms of uncontingent pricesps
k andpv

j since we have not
yet introduced the notation for contingent offers. But it will apply to them in the same way as we will note again after
introducing the required notation in Section6.
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more than 50% of the shareholders would tender to it, butI would suffer losses if all share-
holders would tender to it. Thus, in this subgame, there are multiple equilibria that differ in how
shareholders break ties when they are indifferent. This observation distinguishes this model from
some other Bertrand-style models in which tie breaking is uniquely determined in equilibrium.
The robustness requirement rules out equilibria of the form just mentioned that are clearly knife-
edge. It implies,e.g.that in the equilibrium of the subgame following the offersps

I = ps
R, the

shareholders will not tender both toR and to I . This follows from (1) because for any nearby
tie-free offerspε

k ≈ pk, we havepε
I 6= pε

R and then the unique equilibrium in the tendering sub-
game following(pε

I , pε
R) has shareholders tendering to the contender offering the higher price

and not to both.
To understand our motivation for (2), note that, as is common in voting games, inefficiencies

in our model can arise due to coordination failures. Since our purpose is to focus on the ineffi-
ciencies due to the trading rules—in particular whether votes can be sold separately—we adopt
a refinement that rules out inefficiencies that arise due to coordination failures.

Henceforth, when we refer to anequilibriumof the game we mean arobust SPE(except of
course when we explicitly refer to SPE or to (Nash) equilibria of the tendering subgame).

3.3. Overview of the analysis

The analysis focuses on the contrast between the case where votes can be traded separately and
the case where they cannot. As mentioned above, this comparison is conducted in three different
scenarios with respect to the nature of the offers that the contenders may make. The structure of
all the cases, however, is similar and goes as follows.

Section8 establishes that in all scenarios there exists an equilibrium. In every case, we show
that there cannot be an equilibrium in whichπ ∈ (0,1). The conclusion from these two obser-
vations is that, in equilibrium, one of the contenders wins with certainty (π = 1 or π = 0). It
is then relatively straightforward to rule out one of these possibilities, thereby identifying the
equilibrium winner for each configuration of the parameters.

This allows us to draw conclusions regarding the overall efficiency of the equilibrium. By our
definition, the outcome isefficientif the contender that generates the maximal total value,wk +
bk, wins. We then also use these observations, combined with some properties of the contenders’
best replies, to comment on the pay-offs that shareholders receive in equilibrium.

Throughout the analysis we stick to the basic scenario outlined above whereR must gain
control over at least 50% of the votes in order to win. In the Appendix, we also present results
for an alternative scenario in which the contest ends with a vote. Allowing for voting at the end
changes the game because thenR does not need to purchase a majority of the votes to obtain
control, it is enough thatR obtains a majority in the vote at the end. However, the main results
are unchanged.

Despite the similarity in the general structures of the proofs, every scenario requires some
specialized work, so it is not possible to provide a unified proof. Still to help the reading, we
present in the body of the paper only the proofs of the first (and simplest) scenario. The proofs
for the remaining cases are relegated to the Appendix.

4. UNRESTRICTED AND UNCONDITIONAL OFFERS

In this section, we consider the simplest trading rule. The contenders’ price offers cannot be
quantity constrained—they must purchase the entire quantities tendered to them at the prices
they quote. The main results of this section are that, when votes cannot be traded separately,
the equilibrium outcome is efficient (maximizeswk +bk), and with vote trading, it need not be
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efficient. We characterize precisely when inefficiency arises if vote trading is allowed. Roughly
speaking, the “wrong” contender can win when its private benefits are sufficiently larger than
those of the other contender; vote trading enables it to win even when it is not efficient.

4.1. Only shares

In this subsection, votes are inseparable from shares. So, a feasible offer by contenderk = R, I
is a priceps

k at which it must purchase all shares tendered to it. To gain control,R must purchase
at least 50% of the shares.

Theorem 1. The contender with the higher total value,w j +bj , wins in all equilibria.

Proof. Follows from the following two lemmas. ‖

Lemma 1. There is no equilibrium in which both contenders win with strictly positive proba-
bility, i.e. there is no equilibrium withπ ∈ (0,1).

Proof. Robustness implies that, in any equilibrium, it cannot be that some shareholders
sell some shares toI and some toR because any tie-free offers near(ps

R, ps
I ) will break the

indifference and change the outcome discontinuously. So, ifπ ∈ (0,1) arises at equilibrium, it
must be that half the shareholders tender toR and half do not tender at all. Hence,ps

I ≤ ps
R, and

those who do not tender toR hold out to get the expected valueπwR + (1−π)wI . In such a
case

ps
R = πwR + (1−π)wI , (1)

for otherwise all shareholders would tender either toR or not at all. Finally, it must also be that
wI ≤ ps

R since if wI > ps
R this equilibrium would fail the Pareto part of robustness since its

outcome (and any sufficiently close outcome) would be dominated by a strict equilibrium in the
tendering subgame in which shareholders do not tender at all.

Let u j denote the profit ofj = I , R in the equilibrium withπ ∈ (0,1).

uI = (1−π)bI , (2)

uR =
1

2
[−ps

R +πwR + (1−π)wI ] +πbR (3)

= πbR (by equation (1)).

1. SupposewI +bI > wR +bR.

Consider an equilibrium in whichπ ∈ (0,1). Let ûI denoteI ’s profit after offeringps
I

just aboveps
R. Sinceps

I > ps
R ≥ wI , all shareholders will tender toI . Choosingps

I in the
interval(ps

R, ps
R +π [wI +bI −wR −bR]), we get

ûI = −ps
I +wI +bI

> −ps
R +π(wR +bR)+ (1−π)(wI +bI )

= πbR + (1−π)bI ≥ (1−π)bI = uI , (4)

where the second equality holds by the equilibrium condition (1). Thus, I can deviate
profitably from the putative equilibrium withπ ∈ (0,1).
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2. SupposewI +bI < wR +bR.

Since this is an equilibrium,I cannot profitably outbidR with ps
I just aboveps

R. That is,

uI ≥ bI +wI − ps
R (5)

= bI +wI − [πwR + (1−π)wI ]

= (1−π)bI +π(wI +bI −wR), (6)

where the first equality follows from equation (1). If wI +bI > wR, thenuI > (1−π)bI in
contradiction to equation (2). If wI +bI < wR, thenπ ∈ (0,1) may not arise in equilibrium
sinceps′

R = wR would guaranteeR a win with profitbR > πbR = uR in contradiction to
the equilibrium hypothesis.13 ‖

Lemma 2. If bI + wI < bR + wR, thenπ = 0 cannot occur in equilibrium; if bI + wI >
bR +wR, thenπ = 1 cannot occur in equilibrium.

Proof. Suppose first thatwI + bI > wR + bR. It cannot be thatπ = 1. If ps
R > wR + bR

andπ = 1, then all shareholders tender toR andR has a loss. So, sinceR’s profitability implies
ps

R ≤ wR +bR, I can win profitably withps
I just abovewR +bR. Suppose next thatwI +bI <

wR +bR. If bR > 0, thenps
R > max{wI +bI ,wR} would guarantee profitable win forR, which

I can defeat only at a loss, while ifbR = 0, thenps
R ∈ (wI + bI ,wR) (which is a non-empty

interval) guarantees a profitable win forR which I can defeat only at a loss. ‖

In terms of shareholder payments, the equilibrium outcome is not necessarily unique. IfwI +
bI > wR+bR, thenI always wins but there are multiple equilibria asR’s behaviour can impact
pay-offs toI and to shareholders. Specifically, depending onR’s initial move, shareholder pay-
offs could range anywhere in [wI ,wI +bI ]. (However, equilibria with pay-offs abovewR +bR
involve weakly dominated offers byR.) If wI + bI < wR + bR, then shareholders pay-offs are
max{wI +bI ,wR}.

4.2. Both votes and shares

In this scenario, votes can be traded separately from shares. The contenders’ offers take the form
(ps

j , pv
j ), whereps

j is the price for the full share (including its vote) andpv
j is the price per vote

offered by j = R, I . As above, contenders are committed to purchase any quantities tendered to
them.

In this case, vote trading interferes with efficiency: the winner is not always the efficient
contender (the maximizer ofw j +bj ). To gain some intuition, recall that when votes cannot be
traded andwR +bR > wI +bI , R wins with ps

R = wI +bI even ifbI > bR.
We now argue that, when votes can be traded andbI is large enough, thenR cannot win

profitably with any bid for sharesps
R ≤ wR +bR. For simplicity of this intuitive description, we

assume that the incumbentI provides only private benefits,bI > 0,wI = 0, and the rivalR only
shareholder benefits,bR = 0, wR > 0, and suppose thatwR > bI . Clearly,R cannot win with a
bid for shares that is less thanbI as thenI can simply overbid and profitably win. So consider an

13. This argument would fail ifbR = 0. In that case, there are multiple equilibria, whereR can offer any price
ps

R ∈ [wI +bI ,wR] and win with probabilityπ ∈ [bI /(wR −wI ),1], and in all these equilibria,R obtains 0 profits.
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offer for shares byR that lies betweenbI andwR. The important point is that, althoughR’s offer
is abovebI , it may still be possible forI to profitably win. The key to this observation is that,
after I responds with an offer for votes just belowR’s bid for shares, there is only an asymmetric
equilibrium in the tendering subgame, so thatI will buy only half the votes and hence can afford
to offer more thanbI per vote.14

To see this, note that if the majority of shareholders tender their shares toR, then any share-
holder is better off tendering his vote toI as this will give him the vote’s price pluswR (that is
obtained whenR is in control). If instead the majority tender their votes toI , then an individ-
ual shareholder knows that the share value will be zero and hence he is better off tendering to
R for the offered share price that is higher than the vote price offered byI . Thus, in the only
equilibrium in such subgame, shareholders randomize equally between the two (since there is a
large number of shareholders, they must randomize equally for the outcome to be stochastic),
and hence,I buys only half the votes.

The next important feature of this offer is thatI can win with probability close to 1 in the
asymmetric equilibrium of the tendering subgame. To see this, recall first that for shareholders
to behave asymmetrically, they must be indifferent. If they sell toR, they getR’s bid for shares,
ps

R, while if they sell toI , they getI ’s bid for votes,pv
I , plus the share value ofwR if and only if

R wins (since the share value underI is zero). If pv
I is just belowps

R, then for these to be equal
the probability ofR winning must be close to zero.

Hence, with this unrestricted offer for votes,I is able to achieve the equivalent of a restricted
offer. This enablesI to profitably bid for votes so long as buying half the votes at (just below)
R’s total value ofwR is worthwhile,i.e.so long as 2bI > wR. We have thus seen that—because
of the asymmetric equilibria that arise in tendering subgames—R cannot win even when the
total value thatR provides,wR, is greater thanI ’s total value ofbI .

Now note that in the equilibrium of the subgame just described,R is purchasing half the
shares at a positive price andI is obtaining control with probability 1, soR’s purchase is not
profitable, and hence,R would not initially make such an offer, leavingI in control.

Theorem 2. The efficient contender wins in equilibrium except in the following regions of the
parameter space.

1. If wI +bI > wR +bR and bR > 2bI , then R wins though I is the efficient contender.
2. If wI + bI < wR + bR < wI + 2bI and bI > bR, then I wins though R is the efficient

contender.

The proof is in the Appendix. The method is as before. It is first shown that there are no asym-
metric equilibria in which both contenders win with positive probability. Then for each region of
the parameter space, one of the contenders is eliminated as a possible winner, which leaves the
other as the sole candidate for winning. Since existence is assured, this characterization implies
the result.

4.2.1. First- and second-mover advantages.The characterization in Theorem2 reflects
both a first-mover and a second-mover advantage.

• Second-mover advantage:WhenwR+bR is not too much larger thanwI +bI , thenI can
win with even a small advantage in private benefits,bI > bR. By contrast, ifwI + bI >

14. The term asymmetric strategies (or equilibrium) means throughout that different shareholders make different
tendering decisions. Since shareholders are identical, this is a purification of a symmetric mixed strategy. But since there
is a continuum of shareholders, it is more straightforward to talk about asymmetric than about mixed.
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wR + bR and R’s advantage in private benefits is not too large,bI < bR < 2bI , then I
wins. So, those situations exhibit a second-mover advantage.
The source of the second-mover advantage is in the ability to make an offer that induces
an asymmetric equilibrium in the tendering subgame in which the second mover acquires
just half the shares or votes. This enables the second mover to offer a premium above the
true value. The first mover cannot do so for fear of having to pay the premium to all share-
holders. So, the second mover can effectively mimic the effect of a quantity restriction
even when it cannot be explicitly imposed.

• First-mover advantage:WhenbR > 2bI , Rwins regardless of how much greater iswI +bI

relative towR + bR. In contrast, whenbI > 2bR, then I would still lose if wR + bR >
wI +2bI . So, in those situations there is a first-mover advantage.
The source of the advantage isR’s ability to make a pre-emptive offer to buy votes. Even
whenwI is far greater thanwR, beating such a pre-emptive offer would result in a loss
for I . The fact that such a response would result in a loss forR as well does not helpI
sinceR’s offer is already in place. ForR’s pre-emptive offer to be successful,bR must be
more than twicebI . This is becauseI can again use its second-mover ability to induce an
asymmetric equilibrium in which it buys only half the shares and hence can offer premium
of up to 2bI over their public value.
More specifically, ifbR > 2bI and wI + bI > wR + bR, then I cannot win profitably
following an initial offer byR of pv

R = 2bI + ε. Obviously,I cannot win profitably with
pv

I ≥ pv
R. Consider thenI ’s possible responses withps

I . If ps
I < wR + 2bI + ε, then all

shareholders sell toR so I will lose. If ps
I ∈ [wR+2bI +ε,wI +bI ), then sincewI > wR

(which follows frombR > 2bI andwI +bI > wR+bR), in the equilibrium of the ensuing
subgameI cannot win with probability 1. (This is because, ifI wins at ps

I < wI + bI ,
then an individual shareholder does better selling toR and earningwI + 2bI + ε.) Thus,
either R wins or it is an asymmetric equilibrium in which half sell toR and half to I .
The latter requires indifference,ps

I = πwR + (1− π)wI + pv
R, and thenI ’s profits are

(1−π)bI + ((πwR + (1−π)wI )− ps
I )/2 = (1−π)bI −bI < 0 (the expected benefit of

control plus the loss on the shares acquired byI which are half of the total).
In contrast, whenbI > 2bR andwR+bR > wI +2bI , I cannot win profitably. In this case,
R can offer to buy shares atps

R = wI +2bI +ε against whichI has no profitable response.
Again it is obvious that no offerps

I for shares can be beneficial toI . An offer with pv
I < 2bI

attracts no shareholders, while an offer ofpv
I > 2bI induces an equilibrium in the subgame

with shareholders tendering to both in whichI ’s profit is negative:(1−π)bI − pv
I /2 < 0.

The reader might be concerned that the inefficiency here owes to the specific extensive form
assumed in the model. First, the above discussion clarifies that the inefficiency may arise with
any order of moves. The specific order might affect the region of the parameter space at which
the inefficiency will arise, but the qualitative observation that the separation of votes from shares
may undermine the efficiency remains valid in all cases and the fundamental explanations are
of the same nature. Second, it is also easy to see that the inefficiency is not an artifact of the
finite horizon. At least some of the inefficient equilibria are also subgame perfect equilibria of
the infinite-horizon game.15 For example, consider an equilibrium of Type 1 whereR is the inef-
ficient contender that wins with an initial offer to whichI has no profitable response. Obviously,
this is also an SPE outcome in the infinite-horizon game. (IfI had a profitable response to which
R could not profitably respond whenR can make a further counter-offer, thenI could certainly

15. We do not comment on robust equilibria on which we focus elsewhere in this paper, as the definition would
have to be suitably modified and existence re-established, and that goes beyond the scope of this paper.
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make this response in the current game.) Finally, it is important to remember that the order and
the sequential nature of the bidding emerge naturally from the scenarios that are being modelled
here. It is therefore not surprising that much of the related literature has adopted this extensive
form and even just for the sake of comparison with the existing literature it makes sense to
retain it.

4.2.2. Shareholder profits. We also examine the effect of vote trading on shareholders’
pay-offs. The comparison of pay-offs across the different regimes is sometimes ambiguous due
to the presence of multiple equilibria: whenI wins in equilibrium, the pay-offs toI and to the
shareholders depend onR’s initial actions andR is indifferent among a wide range of actions.
However, just like the conclusions of GH88 for dual-class shares, even when the comparison is
unambiguous it can go either way: the introduction of separate vote trading sometimes enhances
and sometimes harms shareholders pay-offs.

For example, whenwI + bI > wR > wI andbR > min{wI − wR + 2bI ,bI }, contenderR
wins whether or not votes can be traded separately, but shareholders pay-offs with vote trading
(min{wI +2bI ,wR+bI }) are larger than without it (wI +bI ). The intuition behind this observa-
tion is that vote trading benefits the shareholders because it forcesR to make a more aggressive
offer. When votes cannot be traded, forR to win it must offerps

R = wI + bI . When votes can
be traded, ifR simply offersps

R = wI +bI , thenI can respond withpv
I = bI − ε and, for suffi-

ciently smallε, will win profitably with probability close to 1 (the equilibrium in the tendering
subgame following these offers is asymmetric). Therefore,R must either offerps

R = wI + 2bI
or pv

R = bI to deterI , both of which lead to higher pay-offs to shareholders.
By contrast, whenwR < wI andbR > wI + bI −wR > 2bI , contenderR wins whether or

not votes can be traded separately, but shareholders pay-offs with vote trading (wR + 2bI ) are
smaller than without it (wI +bI ). This is because in the absence of vote trading,R has to offer
ps

R = wI +bI , while with vote trading it can win with buying just votes atpv
I = 2bI .

Thus, vote trading can benefit shareholders because it may forceR to make a more aggressive
initial offer when faced with the possibility of subsequent offers for votes. It can be harmful
under other parameters becauseR may win control by buying only votes at a lower price than if
R had to buy shares.

5. RESTRICTED OFFERS

The change from the previous analysis is that the contenders are allowed to make restricted offers
that cap the quantities of shares and/or votes that they will buy at the prices they announce. That
is, a contender is committed to buy at the price it announced any quantity tendered to it up to
the pre-announced quota. Intuitively, it seems that such a cap should enable contenders to offer
higher premiums over the public value of the shares since by capping the quantity they would
not have to pay this premium to all shareholders. It therefore should bias the outcome in favour
of contenders with higher private benefits. This type of result appears in GH88 and subsequent
literature and is also confirmed by the following analysis. Note though that while the direction
of the bias is the same as in the case of allowing vote buying, the cases in which inefficiency
occurs differ.

5.1. Only shares

First consider the case in which votes can be transferred only by trading shares. As before, the
rival has to acquire a majority of the shares to take control. An offerf j by contenderj = R, I is
a pair f j = (ps

j ,ms
j ). This is a commitment to buy at the priceps

j any quantity tendered to it up
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to ms
j . Recall that the outcome of the ensuing tendering subgame is(ms

R,ms
I ;π), wherems

j is
the mass of shareholders who decide to tender toj = R, I andπ is the probability thatR wins.
If ms

j < ms
j , then thems

j shareholders who tendered toj are rationed with equal probability and
only afractionms

j /ms
j end up tendering.

Thus, if(ms
R,ms

I ;π) is an equilibrium outcome of the tendering subgame, it must satisfy the
following conditions:

• If ms
j > 0, then tendering toj should be at least as beneficial as the alternative options of

tendering to the other bidder or keeping the share. That is,

min

{
ms

j

ms
j
,1

}

ps
j +

[

1−min

{
ms

j

ms
j
,1

}]

× [πwR + (1−π)wI ]

≥ max

{

min

{
ms

j

ms
j
,1

}

ps
− j +

[

1−min

{
ms

j

ms
j
,1

}]

× [πwR + (1−π)wI ],

πwR + (1−π)wI

}

.

Here min{(ms
j /ms

j ),1} is the proportion of shareholders who offer their shares toj and
succeed in selling them. These shareholders obtainps

j , while the others receiveπwR +
(1−π)wI . The max is over the option of offering one’s share to− j and not tendering at
all.

• If ms
R+ms

I < 1, then the option of not tendering is at least as beneficial as tendering. That
is, for eachj = R, I ,

πwR + (1−π)wI ≥ min{(ms
j /ms

j ),1}ps
j + [1−min{(ms

j /ms
j ),1}][πwR + (1−π)wI ].

Remark1. We specify that ifm̄s
R = 1/2 andms

R > 1/2, thenR wins.

The main intuition of the following analysis is that, since the winning contender can cap its
offer at half the shares, it can bid up tow j +2bj and still break even. Therefore, we expect that
I wins if wI +2bI > wR +2bR andR wins if the reverse inequality holds strictly.

Theorem 3. In all equilibria, the contender with the higher value ofw j +2bj wins.

The proof is in the Appendix and again follows the logic of first ruling out equilibria with
π ∈ (0,1).

5.2. Both votes and shares

An offer f j by j = R, I is a four-tuple f j = (ps
j ,ms

j ; pv
j ,mv

j ), whereps
j and pv

j are the prices
offered by j for shares and votes, respectively,while ms

j and mv
j are the respective quantity

restrictions. The main result here is that vote buying harms efficiency in the sense that the region
of the parameter space over which the efficient contender wins shrinks in comparison to the case
in which votes cannot be traded separately.

An outcome of the tendering subgame followingfR and f I is (m,π) fR, f I = (ms
R,mv

R,ms
I ,

mv
I ;π) fR, f I , wherems

j and mv
j are the masses of shareholders who decide to tender shares
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and votes, respectively, toj = R, I given offers( fR, f I ) and as beforeπ is the probability
that R wins following these offers. The rationing rules are as before and are applied to each
offer separately.If ms

j < ms
j , only a fraction ms

j /ms
j end up tendering shares toj , and simi-

larly if mv
j < mv

j , only a fraction mv
j /mv

j end up tendering votes toj , independently of con-
tender j ’s other offer. At such an outcome, the expected pay-off of tendering shares toj is
min{(ms

j /ms
j ),1}ps

j + [1− min{(ms
j /ms

j ),1}][πwR + (1−π)wI ]; the expected pay-off of ten-
dering votes toj is min{(mv

j /mv
j ),1}pv

j + [πwR+(1−π)wI ]. In an equilibrium of the tendering
subgame, any action taken by a positive mass of shareholders (tendering shares and/or votes or
not tendering at all) must yield to shareholders expected pay-off at least as high as the expected
pay-off of any of the available options of tendering or not.

Remark2. As in Remark1, if R is oversubscribed when it restricts its purchases to half the
shares and votes, then it wins. That is, if min{m̄v

R,mv
R}+min{m̄s

R,ms
R} = 1/2 andms

R > m̄s
R or

mv
R > m̄v

R, thenR wins.

Theorem 4. The identity of the winner is the same as in Theorem3 except for parameter
configurations satisfyingwI +2bI > wR +2bR and bR > bI . For these configurations, I is the
efficient contestant and would be the winner in the absence of vote trading, but R wins when
vote trading is allowed.

The proof is in the Appendix and its logic is again as in previous cases. It is argued first that
in all equilibriaπ 6∈ (0,1). Then for each region of the parameter space, eitherπ = 0 or π = 1
is ruled out which implies (via existence) that the remaining case prevails in equilibrium.

5.2.1. First- and second-mover advantages.The results above show that with restricted
offers, there is only a first-mover advantage (and no second-mover advantage). This is consistent
with the reason for the second-mover advantage when restricted offers are not possible. There we
argued that the second-mover advantage results from the ability of the second mover to create
an asymmetric equilibrium in the tendering subgame in which the second mover obtains half
the votes but that the first mover cannot do so for fear of having to pay all the shareholders.
With the ability of making restricted offers, this limitation on the first mover does not exist,
and the first mover can do exactly what the second mover achieves. Indeed, the first mover,R,
wins with restricted offers in strictly more cases thanR does whenR cannot make restricted
offers.

6. CONTINGENT OFFERS

In this scenario, contenders are allowed to make contingent offers, an offer that takes effect if
and only if the offering contender wins. An offer by contenderk = I , R for shares is a pair of
prices: a contingent pricepsc

k at which contenderk will buy all shares that were tendered to it
in the event that it wins and a non-contingent priceps

k at which it is committed to buy in any
case. Similarly, an offer by contenderk = I , R for votes specifies a contingent pricepvc

k and a
non-contingent pricepv

k. Each of these prices stands for a contender’s commitment to purchase
any quantity tendered subject to the contingency.

Now that we have the notation, we restate Definition1 of tie-free offers to apply to contingent
offers as well: The offersfR, f I are tie-free ifph

k 6= ph
j and ps

k 6= pv
j +wh for h ∈ {s,v,sc,vc}

and j 6= k ∈ {R, I }.
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6.1. Only shares

Again we first consider the case in which only shares can be traded. An outcome of the tendering
subgame is an array of the form(ms

R,msc
R,ms

I ,msc
I ,π). Thus, the offers are unrestricted offers

but they can be conditioned on winning. The main result here is that outcome is efficient—the
contender with the highestwk +bk wins—as in the case of non-contingent and unrestricted offers
for shares alone. Thus, unlike quantity restrictions this form of contingency does not interfere
with efficiency.

Theorem 5. If wk +bk > w j +bj , then in all equilibria k wins.

The proof is in the Appendix and its method is again to rule out asymmetric equilibria in
which both contenders win with positive probability. We know from the analysis in Section
4.1 that there is no such equilibrium when both contenders make non-contingent offers. This
conclusion is extended here to the cases in which at least one contender makes a conditional
offer.

6.2. Both votes and shares

Now allow for votes to be traded separately. Here, an outcome of the tendering subgame is an
array of the form(ms

R,msc
R,mv

R,mvc
R ,ms

I ,msc
I ,mv

I ,mvc
I ,π). The analysis is similar to the case

with non-contingent unrestricted offers. While more complicated as there are more cases to
consider, surprisingly the outcome is unaffected by allowing for contingent offers.

Theorem 6. The efficient contender wins in equilibrium except in the following regions of the
parameter space.

1. If wI +bI > wR +bR and bR > 2bI , then R wins.
2. If wI +bI < wR +bR < wI +2bI and bI > bR, then I wins.

The proof is in the Appendix and the argument follows the same logic of ruling out asym-
metric equilibria as in the previous proofs.

7. VARIATIONS ON THE BASIC MODEL: VOTING IN THE END

In the version of the model analysed so far,R gains control only if it acquires more than 50% of
the votes. In an alternative description of the process, the bidding contest is followed by a vote
that determines which contender will end up in control. In such a case,R might gain control even
when it does not acquire the majority of the votes. It is not entirely clear which is the “right”
model. Some related contributions in the finance literature employ the former model and some
employ the latter. The rationale for using the model without the voting in the end is that to force
a vote on control the raider might have to acquire a majority of the votes.

However, this question is not important for our conclusions regarding efficiency since the
introduction of voting to the model would not change the results. To see this, consider a mod-
ified version of the model with voting in the end. That is, once the tendering stage is over,
the two contenders with the blocks they have acquired and the remaining shareholders (who
have sold neither their vote nor share) vote and the contender who wins this vote gains control.
We will establish the claim by showing that any equilibrium outcome in the voting version has
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an equivalent outcome with the same winning probabilities in the game without voting.16 We
present the argument for the environments in which the contenders can make unrestricted offers
for shares or for both shares and votes. It is clear that the argument can be extended to the case
of restricted offers as well, but this will require some additional steps and we will forgo it here.

Observe first that, ifwR < wI , those who do not tender toR end up voting forI , so in or-
der to win R must still acquire over 50% of votes and nothing changes in the above analysis.
Consider, therefore, the case ofwR > wI and a particular equilibrium in this case. Letπ denote
the probability with whichR wins andθk denote the fraction of the total votes (with or without
shares) thatk = R, I ends up purchasing in this equilibrium. Clearly, ifθR > 1/2, this equilib-
rium is automatically an equilibrium in the absence of voting as well. Similarly, ifπ = 0, this
is also the case, since ifR cannot deviate profitably when there is voting in the end, it cannot
do so in the absence of voting. Finally, ifπ > 0 andθR ≤ 1/2, consider a configuration that
differs from the equilibrium configuration only in thatR offers an unrestricted price for shares
ps

R = πwR + (1− π)wI (i.e. the other parts ofR’s offer and those ofI ’s offer are just as in
the equilibrium); all the shareholders who tender shares toR or vote for R in the equilibrium
sell shares toR at this ps

R and all other shareholders behave as in the equilibrium. It can be
verified that this configuration is an equilibrium outcome in the game without voting in the end.
The shareholders who sell shares toR at ps

R get the same pay-off as those voting forR in the
equilibrium and so do the shareholders who sell toI or to another part ofR’s offer. BothR andI
get the same pay-offs. Clearly,R does not have a profitable deviation since it would be available
in the equilibrium with voting as well. Similarly, any profitable deviation byI would have the
same effect in the equilibrium with voting. Thus, the constructed configuration is an equilibrium
configuration in the game without voting.

8. EXISTENCE

In this section, we prove existence of an equilibrium. The method is to consider limits of equilib-
ria of a sequence discretized games (where the actions spaces ofI andR are finite, and there is
a continuum of shareholders). The grids for the discretized games are selected so as to preclude
ties (i.e. in our terminology, any pair of offers in a discretized game is “tie-free”).

Recall the notationf j , j = I , R, is an offer,Fj is the set of feasible offers forj , and an
outcome in the tendering subgame following( fR, f I ) is a tuple of the form(m,π) fR, f I =
(ms

R,mv
R,ms

I ,mv
I ;π) fR, f I consisting of the fractions of shareholders tendering shares and votes

to each firm, and the probabilityπ with which R wins. LetC( fR, f I ) denote the set of equilib-
rium outcomes in the tendering subgame which are not Pareto dominated by a strict equilibrium
outcome in the tendering subgame. Letu j ( fR, f I , (m,π) fR, f I ) denote the pay-off to contender
j given fR, f I and an outcome(m,π) fR, f I in the subgame following( fR, f I ). Finally, let
U j ( fR, f I ) = {u j ( fR, f I , (m,π)): (m,π) ∈ C( fR, f I )}.

Fj varies across the different scenarios as follows:

• In the unrestricted-shares case,Fj = R+ is a set ofps-s (prices for shares).
• In the case of unrestricted shares and votes,Fj = R2

+ is a set of(ps, pv) pairs (prices for
shares and for votes).

• In the quantity-restricted shares case,Fj = R+×[0,1] is a set of(ps,ms) pairs (share price
and quantity restriction).

16. The reader might be concerned that some equilibria in the game without voting are no longer equilibria in the
game with voting. However, we have shown that the winner of the contest is the same in all equilibria when voting is
allowed; hence, the efficiency of the equilibria is indeed unaffected by allowing for voting at the end.
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• In the case of quantity-restricted shares and votesFj = (R+×[0,1])2 is a set of(ps,
ms; pv,mv) four-tuples (prices and corresponding quantity restrictions).

• In the case of contingent offers for shares,Fj = R2
+ is a pair of pricesps and psc (non-

contingent or contingent).
• In the case of contingent offers for shares and votes,Fj = R4

+ is a pair of pairs of prices,
one pair corresponds to the contingent and non-contingent offers for shares and the other
for votes.

First note thatC is a non-empty correspondence. This follows from existence of equilibria in
the shareholder subgame. Fix the offers,fR, f I . For eachπ ∈ [0,1], define the set of tendering
outcomesM(π) that are optimal for the shareholders when they expectR to win with probability
π .
(
That is, givenπ , if mh

k > 0, then tenderingh to k maximizes the shareholder’s utility out
of the available options, and if

∑
k,h mh

k < 1, then not tendering must be optimal.
)

Clearly, this
set of tendering outcomes is non-empty, convex valued and the correspondenceM(π) is upper
hemi-continuous. Recall that for each outcomem∈ M(π), the correspondence5(m) defines the
set ofπ ’s that are consistent withm. (That is, if R’s share of the votes at that outcome is strictly
smaller than 1/2 or strictly larger than 1/2, then the resulting set is{0} or {1}, respectively;
if R’s share of the votes is exactly 1/2, then the resulting set is [0,1].) So5(M(π)) defines
a non-empty, convex valued, upper hemi-continuous correspondence whose fixed point is an
equilibrium value ofπ for the tendering subgame. This implies that the set of all equilibrium
outcomes(m,π) fR, f I in the tendering subgame following( fR, f I ) is non-empty, and obviously
C( fR, f I ) is a non-empty subset.

Now consider a different type of game in which we, the analysts, choose a selection of
C. That is, we choose a functionc defined onFR × FI such thatc( fR, f I ) ∈ C( fR, f I ) and
other than that the game is the same as the original game. We call this the new game, and
the preceding version—where the shareholders get to choose any equilibrium outcome of the
tendering subgame fromC—the original game.

Claim 1 Given an SPE of the original game, there is a selection c under which those strategies
are an SPE of the new game, and conversely, given a selection c and an SPE equilibrium of the
new game, we have an SPE of the original game.17

Proof. Obvious. ‖

Remark3. In the original game, there is no selection fromUi that is continuous. Equivalently,
there is no selectionc such that the new game is continuous. To see this consider,e.g.parameters
satisfying mini (wi +bi ) > ps

I > ps
R > maxi wi . Then the only outcome that is not Pareto dom-

inated by a strict equilibrium outcome in the tendering subgame is for all shareholders to sell
to I . Considerps

R > ps
I > maxi wi , then all sell toR. So if we have a sequence converging to

ps
I = ps

R, continuity must fail: whatever we think shareholders do, the game is not continuous.

Claim 2 C and U are upper hemi-continuous.

Proof. Obvious. ‖

17. Here and elsewhere in this section, the term SPE refers to any subgame perfect equilibrium not necessarily a
robust one (which we refer to as an equilibrium throughout the paper).
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Remark4. Note that if the setC was defined to include only Pareto undominated equilib-
rium outcomes in the tendering subgame (rather than all those that are undominated bystrict
equilibria of the tendering subgame), then we would not obtain upper hemi-continuity. Indeed,
consider a game withwR > wI and a subgame afterps

R = 0, pv
R < bI . Then I has no best re-

ply. I would want to choosepv
I = pv

R and sell to all but this will be Pareto dominated for the
shareholders by an (non-strict) equilibrium in the subgame in which all sell their votes toR . If
I choosespv

I = pv
R + ε, then I getsuε

I = bI − pv
R − ε, so I wants to chooseε > 0 as small as

possible.

Now define another game, call it an extended game.18 The extended game has three players.
The incumbent and rival have the same strategy space, and a fictitious third player chooses
an element ofR2. The pay-offs are as follows.I gets whatever the third player chooses for
him, R gets whatever the third player chooses for him, and the third player’s utility function is
constant at 1 if the vector of strategies are any element of{( fR, f I ,UR( fR, f I ),UI ( fR, f I ))} ⊂
FR × FI × R2 and is a continuous function that strictly decreases as the strategies move away
from that set. The pay-offs forI andR are trivially continuous. The pay-offs for the third player
are continuous if (and only if) bothUks are upper hemi-continuous.

Claim 3 An SPE of the extended game is an SPE of a new game (where we use the selection c
given by the third player from the extended game) and conversely.

Proof. Obvious. ‖

Claim 4 (Hellwig et al., 1990) Given any sequence of finite grids of a continuous extensive
form game and any sequence of SPE for the sequence of games, the limit of the path of those
SPE is an SPE path of the limit game. (Take subsequences whenever necessary.) Moreover, there
exists a sequence of SPE of the finite games converging to the SPE of the limit game.

Proof. The first claim is Theorem 1 inHellwig et al.(1990). The second claim follows from
their discussion of lower hemi-continuity (p. 419).‖

Our existence result now follows from the above arguments.

Proposition 1. In each of the scenarios considered in this paper, there exists an SPE whose
outcome is a limit of SPE outcomes in a sequence of discretized versions of the game converging
to the original game.

Proof. Take a sequence of finite-grid gamesGn converging to the original game, and take
any convergent sequence of outcomesen such thaten is an SPE ofGn. Any such outcomeen
is also an SPE outcome of an extended version ofGn (by the construction above). Hence, the
extended version of the limit game has an SPE and furthermore the sequenceen converges to
the outcome of that SPE (byHellwig et al., 1990). The SPE that supports that outcome in the
extended version of the limit game is an SPE of the original game that has the same outcome
(by the construction above). ‖

We conclude by claiming that (robust) equilibria exist. First we make a trivial observation
that follows from the definition of robustness.

18. We thank Phil Reny for this idea.
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Claim 5 Fix a sequence of grids without ties, Fn
k , k = R, I , such that Fn

k → Fk. If ( f n
R,σ n

I ,
{(mn,πn) fR, f I ∈ C( fR, f I ): fR, f I ∈ Fn

R× Fn
I }) is a sequence of (robust) equilibria with fn

R →
fR, σ n

I → σI (i.e. for all fR ∈ FR, there is a sequence fn
R → fR with σ n

I ( f n
R) → σI ( f I )),

and (mn,πn) → (m,π)
(
i.e. for all ( fR, f I ), there is a sequence( f n

R, f n
I ) → ( fR, f I ) with

(mn,πn) f n
R, f n

I
→ (m,π) fR, f I

)
and ( fR,σI , {(m,π) fR, f I : fR, f I ∈ FR × FI }) is an SPE, then(

fR,σI ,
{
(m,π) fR, f I : fR, f I ∈ FR × FI

})
is a (robust) equilibrium.

Proof. This is just a restatement of the definition of robust equilibrium.‖

Proposition 2. A robust equilibrium exists in all the games considered in this paper.

Proof. Follows from Claims4 and5 and Proposition1. ‖

Remark5. Note that the set of (robust) equilibrium outcomes is contained in the set of out-
comes of SPE that satisfy the tie-free part of the robustness definition and such that, for any
offers ( fR, f I ), (m,π)( fR, f I ) ∈ C( fR, f I ). This is because, if an outcome(m,π)( fR, f I ,) is not
an element ofC( fR, f I ) because it is Pareto dominated by a strict equilibrium, say(m̂, π̂) in the
tendering subgame, then it will also fail robustness. To see this, recall that robustness requires
( f ε

R, f ε
I ) close to( fR, f I ) and(mε,πε) an equilibrium in the subgame following( f ε

R, f ε
I ) such

that(mε,πε) is not dominated by any strict equilibrium in the subgame following( f ε
R, f ε

I ). But
for ε small enough,(m̂, π̂) will be a strict equilibrium in the subgame following( f ε

R, f ε
I ) and

it will Pareto dominate(mε,πε). Thus, characterization results that hold for all SPE that satisfy
this weaker condition hold automatically for all the (robust) equilibria.

9. CONCLUSION

This paper makes two types of contributions. First, it makes a methodological contribution to
the analysis of takeover games with a continuum of shareholders. It suggests a way of dealing
with the asymmetric strategies that are crucial for the analysis, develops arguments that facili-
tate characterization results without fully constructing the set of equilibria, and deals with the
question of existence. This opens the way both to examine and fully understand the scope of
old results and to generate new results. Second, the analysis obtains relatively sharp substantive
insights and shows that earlier conclusions might be misleading. The practice of vote buying
is detrimental to efficiency under all circumstances but is not necessarily detrimental to share-
holder profits. Thus, previous conclusions about the efficiency of vote buying when contingent
offers are allowed and about the optimality of one share–one vote for shareholders pay-offs are
imprecise or incomplete.

APPENDIX

Proofs for Section4.2

Theorem2 The efficient contender wins in equilibrium except in the following regions of the parameter space:

1. If wI +bI > wR +bR and bR > 2bI , then R wins though I is the efficient contender.
2. If wI +bI < wR +bR < wI +2bI and bI > bR, then I wins though R is the efficient contender.

The proof relies on LemmaA1 (which adapts Lemma1 to this case) and PropositionsA1 and A2, which are
stated and proved below. The analysis is simplified by noting that without loss of generality (w.l.o.g.)I need only
make an offer for either shares or votes, but not both together. If shareholders sell only votes or only shares, then of
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course the other offer is irrelevant. If shareholders are indifferent and buy both, then they must be indifferent so that
ps

I = πwR + (1−π)wI + pv
I and thenI is indifferent as well. This argument does not apply toR as an offer that is not

taken in equilibrium may still restrictI ’s replies.19

Lemma A1. There is no equilibrium in which both contenders have a strictly positive probability of winning, i.e. there
is no equilibrium withπ ∈ (0,1).

Proof. Note that in any equilibrium withπ ∈ (0,1), contenderR purchases half the votes (with or without the
shares) and the shareholders are indifferent. As in the proof of Lemma1, robustness implies that, in any equilibrium, it
cannot be that some shareholders sell some shares toI and some toRbecause any tie-free offers near(ps

R, ps
I ) will break

the indifference and change the outcome discontinuously. The proof of Lemma1 also shows that it cannot arise due to
shareholder indifference between tendering shares toRand not tendering (note that the argument there applies since such
indifference requirespv

I = pv
R = 0.) Therefore,π ∈ (0,1) can arise only in two cases. (1) After(pv

R, ps
R, pv

I ) such that
ps

R ≥ minwk, pv
I ∈ (ps

R −maxwk, ps
R −minwk), andpv

I ≥ pv
R and no one sells votes toR.20 (2) After (pv

R, ps
R, ps

I )

such thatps
I ∈ (pv

R +minwk, pv
R +maxwk) and ps

I ≥ ps
R and no one sells shares toR.21 Outside the closure of these

open intervalsR or I wins with certainty since all shareholders prefer selling either toI or to R regardless ofπ . (At the
end points of these intervals, we haveps

k = pv
j +wl for j 6= k andl = I or R, which precludesπ ∈ (0,1) as shareholders

indifference requiresps
k = pv

j +πwR + (1−π)wI andwI 6= wR.)
First, consider the tendering subgame after offersps

R ≥ minwk and pv
I ≥ 0 such thatpv

I ∈ (ps
R − maxwk, ps

R −
minwk).

AssumewI > wR, so thatpv
I ∈ (ps

R−wI , ps
R−wR). The Pareto undomination part of the robustness requirement

then selectsπ = 0.
AssumewI < wR so thatpv

I ∈ (ps
R −wR, ps

R −wI ). Thenπ ∈ (0,1) implies that

ps
R = πwR + (1−π)wI + pv

I (A.1)

and so

π =
ps

R −wI − pv
I

wR −wI
; (A.2)

hence,

uI = (1−π)bI − pv
I /2

=
wR − ps

R + pv
I

wR −wI
bI − pv

I /2. (A.3)

Note thatuI describes the profit at the purported asymmetric equilibrium. Moreover, for otherpv
I ∈ (ps

R −wR, ps
R −

wI ), this function continues to describe the pay-offs toI so long aspv
I > pv

R.
If wI +2bI > wR, thenuI is increasing inpv

I so I has a profitable deviation from the purported equilibrium.
If wI +2bI < wR, thenuI is decreasing inpv

I , and if pv
I > pv

R, then there is again a profitable deviation forI from
the purported equilibrium.

Thus, the only possibility forπ ∈ (0,1) is thatwI +2bI < wR with ps
R ≤ wR (since if ps

R > wR, thenuI < 0 by
equation (A.3)) and pv

I = pv
R (and no one sells votes toR). But this is ruled out as follows.

R’s pay-off at the purported equilibrium is

uR = πbR +
πwR + (1−π)wI − ps

R
2

= πbR − pv
I /2

=
ps

R −wI − pv
I

wR −wI
bR − pv

I /2, (A.4)

19. For example, ifpv
R +πwR + (1−π)wI = pv

I +πwR + (1−π)wI = ps
R, it may be that no shareholders buy votes fromR and I fails

to lower pv
I as that would result in no one selling votes toI . But if R were to lowerpv

R, thenI could lowerpv
I and not lose all votes.

20. No one sells votes toR because in any tie-free offers, eitherpv
I > pv

R and no one sells votes toR or pv
I < pv

R and then no one would
sell votes or shares toI , and in both events, by the tie-free part of the robustness requirement,π would not be interior.

21. See footnote20.
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which is increasing inps
R and decreasing inpv

I . If R deviates tops
R = wR and pv

R = 0, thenI will not respond with
ps

I ≥ ps
R (since if the last inequality is strict, thenuI = wI − ps

I < wI −wR < 0, and if it is an equality, then by the
tie-free part of the robustness requirement eitherI buys from all and alsouI = wI − ps

I = wI − wR < 0 or R buys
from all anduI = 0), and as established above in this case,uI is decreasing inpv

I , so I ’s best response in terms ofpv
I is

pv
I = 0. Therefore, the deviation tops

R = wR andpv
R = 0 increasesuR, soR has a profitable deviation unlessps

R = wR
andpv

R = 0. But then, as noted,I ’s best reply ispv
I = 0 whereuponπ = 1. This establishes that in the subgame following

an offerps
R ≥ minwk, there is no equilibrium withπ ∈ (0,1).

Second, consider the equilibria in the subgame following(pv
R, ps

I ) such thatps
I is in the interval(pv

R+minwk, pv
R+

maxwk).
If wR > wI , then there are multiple shareholder equilibria, but again the Pareto undomination part of the robustness

requirement selects the equilibrium where all sell toR soπ = 1.
If wI > wR, then shareholder indifference implies that

pv
R +πwR + (1−π)wI = ps

I (A.5)

and hence

π =
pv

R +wI − ps
I

wI −wR
. (A.6)

uI = (1−π)bI +
πwR + (1−π)wI − ps

I
2

=
ps

I −wR − pv
R

wI −wR
bI −

pv
R

2
, (A.7)

which is linear and increasing inps
I over [wR + pv

R,wI + pv
R]. Therefore, maxuI is achieved atps

I = wI + pv
R, where

π = 0. Thus, ifwI > wR, thenπ 6∈ (0,1).
It follows that for all parameter configurations,π ∈ (0,1) does not arise on the equilibrium path.‖

Proposition A1. If (i) wR + bR > wI + 2bI or (ii) bR > 2bI or (iii) wR + bR > wI + bI and bR > bI , then I may
not win in equilibrium.

Proof.

(A) If wR+bR > wI +2bI andwR > wI , thenRcan start withps
R in the interval(max{wI +2bI ,wR},wR+bR)

and win profitably. To see this, observe first that it would not be profitable forI to respond withps
I ≥ ps

R >

wI +2bI . Suppose next thatI responds withpv
I . Clearlypv

I < ps
R−wR leads toπ = 1 (this inequality implies

that selling shares toR is better for shareholders than selling votes toI ) and pv
I > ps

R −wI leads to losses
for I (since thenpv

I > 2bI and the bestI can do is buy half the votes and obtain control with probability 1).

For pv
I ∈ [ ps

R −wR, ps
R −wI ], equations (A.1) and (A.2) hold, souI =

wR+pv
I −ps

R
wR−wI

bI −
pv

I
2 , and, over this

range,uI is maximized either atpv
I = ps

R −wR > 0 which impliesπ = 1 (because ifπ < 1, then tendering
votes toI yields less than tendering shares toR, so cannot happen in equilibrium) or atpv

I = ps
R −wI which

impliesuI = bI −
pv

I
2 < 0.

(B) If bR > 2bI andwR < wI (wR > wI is covered by the preceding case), thenR can start withpv
R > 2bI

and win profitably. To see this, observe first that it would not be profitable forI to respond withpv
I ≥ pv

R.
Suppose thatI responds withps

I . Clearly, ps
I < wR + pv

R results inπ = 1 and ps
I > wI + pv

R leads to
losses forI . Otherwise equation (A.5) holds,wR ≤ ps

I − pv
R ≤ wI , π is given by equation (A.6) anduI =

ps
I −wR−pv

R
wI −wR

bI −
pv

R
2 . Hence,pv

R > 2bI implies thatuI < 0, which means thatI ’s best response is to letR
win.

(C) SupposewI + bI < wR + bR andbI < bR. First we argue that ifwI > wR, then it cannot be thatπ = 0.
If R offers ps

R ∈ (wI + bI ,wR + bR), then I has no profitable counter-offer andR has profits. To see that
I has no profitable counter-offer, first note thatps

I ≥ ps
R > wI +bI , then all tender toI , so this cannot lead

to gains forI . Next, if pv
I < ps

R −wI , thenπ = 1. If pv
I > ps

R −wI , then by the Pareto undomination part
of the robustness requirement, all shareholders tender votes toI anduI = bI − pv

I < bI +wI − ps
R < 0. If

pv
I = ps

R −wI and not everyone sells toI and I wins, thenI may have a profit. But this is ruled out by the
tie-free part of the robustness requirement.
If wR > wI , then it cannot be thatπ = 0. If R offers pv

R ∈ (bI ,bR), then I has no profitable counter-offer
and R has profits. To see that,I has no profitable counter-offer, first note thatpv

I > pv
R can only lead to
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losses. Ifps
I < wR + pv

R, then (due to the Pareto undomination part of the robustness requirement)I loses. If
ps

I > wR+ pv
R, then all shareholders sell toI andI has losses. Finally, ifps

I = wR+ pv
R and not everyone sells

to I and I wins, thenI may have a profit. But this is ruled out by tie-free part of the robustness requirement.
(A) and (B) together cover cases (i) and (ii), while (C) covers (iii).‖

Proposition A2. If (i) wR+bR < wI +bI and bR < 2bI or (ii) bR < bI andwR+bR < wI +2bI , then it cannot be
that R wins.

Proof. First consider the casewR+bR < wI +bI andbR < 2bI . If π = 1, then eitherps
R ≥ wI +bI or pv

R ≥ bI .
(OtherwiseI has a profitable deviation.) But ifps

R ≥ wI +bI , then withπ = 1 all shareholders tender shares toR, soR
has a loss, sincewR +bR < wI +bI . If pv

R ≥ bI , then there are two possibilities. IfwR > wI , in which casebI > bR
(sincewR+bR < wI +bI ), thenpv

R > bR and withπ = 1 all tender votes toR and that implies again thatR has a loss.
If wR < wI , thenI can setps

I just belowwI + pv
R and win profitably with (just above) half the shareholders selling to

I which is profitable forI while R has a loss. This proves (i).
If (ii) holds (but not (i)), thenbR < bI andwI + bI < wR + bR < wI + 2bI , sowR > wI , and if π = 1, then

eitherpv
R ≥ bI > bR and all tender votes toR andR has losses, orps

R > wR +bR and all tender shares toR andR has
losses, orps

R ≤ wR +bR. But then if I offers pv
I = ps

R −wI − ε < 2bI , the only equilibrium in the tendering subgame
is asymmetric withπ ≈ 0 (since if all tender votes toI , it is better to tender shares toR [ ps

R > pv
I +wI ] and if all tender

shares toR, it is better to tender one’s vote toI [as pv
I +wR > ps

R], so the equilibrium in the tendering subgame must
be asymmetric withpw

R = pv
I +πwR + (1−π)wI so thatpv

I ≈ ps
R −wI ⇒ π ≈ 0) and this is profitable toI . ‖

Proof of Theorem2. To see how the result follows from LemmaA1 and PropositionsA1 andA2, we partition
the parameter space as follows. Cases 2 and 4 below are those that correspond to Cases 1 and 2 in the statement of the
theorem.

1. wR +bR < wI +bI andbR < 2bI whereI wins.
2. wR +bR < wI +bI andbR > 2bI whereR wins.
3. wR +bR > wI +bI andbI < bR whereR wins.
4. wI +2bI > wR +bR > wI +bI andbI > bR whereI wins.
5. wR +bR > wI +2bI (> wI +bI ) andbI > bR whereR wins.

By LemmaA1 and the existence result, in all equilibria eitherR wins or I wins with probability 1. Then Proposition
A1 part (i) implies 5, part (ii) implies 2 (and part of 3), and part (iii) implies part 3. PropositionA2 part (i) implies 1,
part (ii) implies 4 (and part of 1). ‖

Proofs for Section5.1

Theorem3 In all equilibria, the contender with the higher value ofw j +2bj wins.

Proof. First we observe that, w.l.o.g. we can restrict attention toI ’s offers(ps
I ,ms

I ) with ms
I = 1/2. To see this,

observe that, for given levels ofms
I andπ , any offer(ps

I ,ms
I ) is equivalent for shareholders to( p̂s

I ,1/2), where p̂s
I

satisfies

( p̂s
I − [πwR + (1−π)wI ])min

{
1

2ms
I
,1

}

= (ps
I − [πwR + (1−π)wI ])min

{
ms

I
ms

I
,1

}

. (A.8)

Therefore, there exists an equilibrium in the tendering subgame following( p̂s
I ,1/2) with the samems

I andπ . Let uI
denoteI ’s profit with (ps

I ,ms
I )

uI = (1−π)bI +min(ms
I ,ms

I )[πwR + (1−π)wI − ps
I ]

and letûI denoteI ’s profit with ( p̂s
I ,1/2) and the sameπ

ûI = (1−π)bI +min(1/2,ms
I )[πwR + (1−π)wI − p̂s

I ].

From min(x,ms
I ) = ms

I min[(x/ms
I ),1] and equation (A.8), it follows thatuI = ûI . Therefore, there exists an equilib-

rium in the tendering subgame following( p̂s
I ,1/2) at which I gets the same profit as in the equilibrium of the tendering

subgame following(ps
I ,ms

I ).
If π ∈ (0,1) arises at equilibrium, it must be thatms

R = 1/2, ms
R ≥ 1/2, andms

I ≤ 1/2. It cannot be thatms
I = 1/2

and thatI is oversubscribed because then fewer than 1/2 tender toR and I wins. If ms
R = 1/2 andR is oversubscribed,
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then R wins (by our specification above—see Remark1). But then it cannot be that shareholders are selling shares
to both I and R since this is ruled out by the tie-free part of the robustness requirement. Thus, shareholders must be
indifferent between selling toR and not tendering at all, implying thatps

R = πwR+ (1−π)wI . Let u j denote the profit
of j = I , R in the putative equilibrium withπ ∈ (0,1).

uI = (1−π)bI = (1−π)bI , (A.9)

uR =
1

2
[−ps

R +πwR + (1−π)wI ] +πbR = πbR. (A.10)

Consider the following two configurations of parameters.

1. SupposewI + 2bI > wR + 2bR and thatπ > 0. It may not be thatπ = 1 sinceR’s profitability implies ps
R ≤

wR+2bR, but thenI can win profitably with(ps
I ,ms

I ) = (max{ps
R,wR},1/2). Thus,π < 1 in any equilibrium.

Suppose then thatπ ∈ (0,1), so that equations (A.9) and (A.10) hold. Consider a deviation byI to the offer
(ps

I ,ms
I ) = (ps

R + ε,1/2), whereε is positive and small, sayε < π2bR. ContenderI will end up buying from
a massθ ≤ 0.5 of the shareholders and win (since eitherms

I > 1/2, and I wins, orms
I ≤ 1/2, which implies

that nobody would tender toR since tendering toI is more profitable). Let̂uI denoteI ’s profit following this
deviation:

ûI = θ(−ps
R − ε +wI )+bI

≥ θ [−ps
R − ε +π(wR +2bR)+ (1−π)(wI +2bI )] + (1−2θ)bI

= θ [−ε +π2bR + (1−π)2bI ] + (1−2θ)bI > (1−π)bI = uI ,

where the first inequality follows from the assumptionwI + 2bI > wR + 2bR. Thus, I can deviate profitably
from the putative equilibrium withπ ∈ (0,1). Together with the previous observation thatπ < 1, we have that
there is no equilibrium withπ > 0. Combining this with the result on existence, we conclude that with these
parametersπ = 0.

2. SupposewI +2bI < wR+2bR and thatπ < 1. It may not be the case thatπ = 0 sinceps
R > max{wI +2bI ,wR}

andms
R = 1/2 would guarantee a profitable win forR, which I can defeat only at a loss. Therefore,π ∈ (0,1)

and againps
I ≤ ps

R = πwR+(1−π)wI and equations (A.9) and (A.10) hold. Since it is an equilibrium,I cannot
profitably outbidR with (ps

I ,ms
I ) = (ps

R + ε,1/2). That is,

uI ≥ bI + (wI − ps
R)/2.

Sinceps
R = πwR + (1−π)wI , this implies that

uI ≥ bI + (wI − [πwR + (1−π)wI ])/2 = (1−π)bI +π(wI +2bI −wR)/2.

If wI + 2bI > wR, it follows thatuI > (1−π)bI in contradiction to equation (A.9). If wI + 2bI ≤ wR, then
π ∈ (0,1) may not arise in equilibrium sinceps′

R > wR would guaranteeR a win with profit bR + wR − ps′
R.

But, for p̂s
R sufficiently close towR, bR +wR − p̂s

R > πbR ≥ uR in contradiction to equilibrium. Therefore,
π ∈ (0,1) cannot arise in equilibrium. Thus, there is no equilibrium withπ < 1. Combining this with the result
on existence we conclude that with these parametersπ = 1. ‖

Proofs for Section5.2

Theorem 4 The identity of the winner is the same as in Theorem3 except for parameter configurations satisfying
wI + 2bI > wR + 2bR and bR > bI . For these configurations, I is the efficient contestant and would be the
winner in the absence of vote trading, but R wins when vote trading is allowed.

Proof. The proof follows from the subsequent characterization of equilibrium outcomes and existence. By Lemma
A2 and existence,π ∈ {0,1}. PropositionsA3 andA4 preclude eitherπ = 0 or π = 1 for all possible configurations of
the parameters. ‖

Before proving that in equilibriumπ 6∈ (0,1), it is useful to establish that it suffices to restrict attention only to a
subset of the possible offers, specifically toI making an offer(ps

I ,1/2;0,0) or (0,0; pv
I ,1/2) and toR making an offer

(ps
R,ms

R; pv
R,mv

R) with ms
R ≥ 1/2 andmv

R ≥ 1/2. The next two claims formalize this result.
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Claim A1 For anyπ ∈ (0,1) that arises in some tendering subgame following some fR, f I , there exists an equilibrium
in the subgame following fR in which I ’s offer is(ps

I ,1/2;0,0) or (0,0; pv
I ,1/2) and the subsequent tendering subgame

(following fR and I ’s offer of(ps
I ,1/2;0,0) or (0,0; pv

I ,1/2)) has the sameπ . Moreover, if the original equilibrium in
the tendering subgame is not Pareto dominated by any strict equilibrium in the tendering subgame, then neither is the
equilibrium following fR and I ’s offer of(ps

I ,1/2;0,0) or (0,0; pv
I ,1/2) that has the sameπ .

Proof. Suppose thatI ’s offer in the original equilibrium is(ps
I ,ms

I ; pv
I ,mv

I ). If shareholders tender toI only
shares (i.e. ms

I > 0 andmv
I = 0), this offer is equivalent to(ps

I ,ms
I ;0,0). For the shareholders, this is obviously equiva-

lent to(ps′
I ,1/2;0,0), whereps′

I satisfies

(ps′
I − [πwR + (1−π)wI ])min[(1/(2ms

I )),1] = (ps
I − [πwR + (1−π)wI ])min[(ms

I /ms
I ),1].

I ’s profit with (ps
I ,ms

I ;0,0) is

(1−π)bI +min(ms
I ,ms

I )[πwR + (1−π)wI − ps
I ].

Sinceπ remains the same with(ps′
I ,1/2;0,0), I ’s profit with (ps′

I ,1/2;0,0) is

(1−π)bI +min(1/2,ms
I )[πwR + (1−π)wI − ps′

I ].

Since min(ms,ms
I ) = ms

I min[(ms/ms
I ),1], it follows that(ps

I ,ms
I ;0,0) and(ps′

I ,1/2;0,0) are equivalent forI as well.
An analogous argument would establish that if shareholders tender toI only votes (i.e. ms

I = 0 andmv
I > 0), there

is an equivalent offer(0,0; pv′
I ,1/2).

Suppose therefore that shareholders tender toI both votes and shares (i.e. ms
I > 0 andmv

I > 0). This implies that
they are indifferent between these two options. That is,πwR + (1−π)wI + min{mv

I /mv
I ,1}pv

I = min{ms
I /ms

I ,1}ps
I +

(1−min{ms
I /ms

I ,1}) × [πwR + (1−π)wI ].
Clearly, the offer(ps

I ,ms′
I ;0,0) suchthat ms′

I = min{ms
I (m

s
I + mv

I )/ms
I ,1} is equivalent for the shareholders if

ms
I +mv

I tender to it. To see that it is also equivalent forI , observe thatI ’s profit with (ps
I ,ms′

I ;0,0) equals

(1−π)bI +min{ms′
I ,ms

I +mv
I }[πwR + (1−π)wI − ps

I ]

= (1−π)bI + (ms
I +mv

I )min{ms′
I /(ms

I +mv
I ),1}[πwR + (1−π)wI − ps

I ]

= (1−π)bI + (ms
I +mv

I )min[min{ms
I /ms

I ,1/(ms
I +mv

I )},1][πwR + (1−π)wI − ps
I ]

= (1−π)bI +ms
I min{ms

I /ms
I ,1}[πwR + (1−π)wI − ps

I ]

+mv
I min{ms

I /ms
I ,1}[πwR + (1−π)wI − ps

I ]

= (1−π)bI +ms
I min{ms

I /ms
I ,1}[πwR + (1−π)wI − ps

I ] −mv
I min{mv

I /mv
I ,1}pv

I

= (1−π)bI +min{ms
I ,ms

I }[πwR + (1−π)wI − ps
I ] −min{mv

I ,mv
I }pv

I ,

which equalsI ’s profit with (ps
I ,ms

I ; pv
I ,mv

I ).
The second equality follows from the definitionof ms′

I , the third from 1/(ms
I + mv

I ) ≥ 1, and the fourth from the
shareholders’ indifference.

Finally, it follows from the previous argument that(ps
I ,ms′

I ;0,0) is equivalent to(ps′
I ,1/2;0,0).

It is straightforward to verify that the equilibrium in a tendering subgame that is constructed in this proof is not
Pareto dominated by any strict equilibrium in the subgame if the original equilibrium in the tendering subgame was not
Pareto dominated. ‖

Claim A2 For anyπ ∈ (0,1) that arises in some tendering subgame following fR, f I , there exists an equilibrium in
the tendering subgame following an offer by R,(ps

R,ms
R; pv

R,mv
R), thatsatisfies msR ≥ 1/2 or mv

R ≥ 1/2 and which has
the sameπ ∈ (0,1). Moreover, if the original equilibrium in the tendering subgame is not Pareto dominated by a strict
equilibrium in the tendering subgame, then neither is the equilibrium of the tendering subgame that has the sameπ and
follows the aforementioned restricted offers.
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Proof. Consider thecasems
R < 1/2 and mv

R < 1/2. It has to bethat ms
R + mv

R ≥ 1/2 since otherwiseπ =
0. Sinceπ ∈ (0,1), at least one ofR’s offers is not oversubscribed, for otherwiseR would win. If offer ps

R is not
oversubscribed, then the offer(ps

R,1/2; pv
R,mv

R) when coupled with the same response byI would leave the existing
shareholders’ tendering decisions optimal, hence would yield the sameπ and the same pay-offs forR and I . And if
I has a better response against(ps

R,1/2; pv
R,mv

R) than its original response, then this response would be also better
against the original offer byR. An analogous argument can be made if it ispv

R that is not oversubscribed, in which case
the offer(ps

R,ms
R; pv

R,1/2) would achieve the same result againstI ’s response.
We also need to argue why this construction does not violate the Pareto undomination part of the robustness re-

quirement. IfwR > ps
R, then the only equilibrium in the tendering subgame has 1/2 selling toR; this is unchanged.

If wR ≤ ps
R, then if all sell toR they getwR/2+ ps

R/2 ≤ ps
R which they get in the constructed equilibrium of the

tendering subgame. ‖

Lemma A2. There is no equilibrium in which both R and I have a strictly positive probability of winning, i.e. there is
no equilibrium withπ ∈ (0,1).

Proof. Supposeπ ∈ (0,1). This implies thatR ends up acquiring exactly half votes (with or without shares) and
that shareholders are indifferent between tendering toR and the alternative of tendering toI or keeping their shares. That
is, min{ms

R,ms
R}+ min{mv

R,mv
R} = 1/2. By the preceding claim at least one ofR’s offers is not restricted to quantity

below 1/2. That offer is not oversubscribed since if it wereR would win. Thus, there must be indifference between that
offer and the same alternative as there was in the second sentence of this paragraph.

Given these observations, the proof mimics that of LemmaA1 essentially verbatim. ‖

Proposition A3. If wR +2bR > wI +2bI , or bR > bI , then I cannot win.

Proof. If wR +2bR > wI +2bI , or bR > bI , it may not be thatπ = 0, since in the former caseR can start with
(ps

R,1/2;0,0) such thatps
R ∈ (wI +2bI ,wR+2bR) and in the latter case with(0,0; pv

R,1/2) such thatpv
R > 2bI and

win profitably in both cases. ‖

Proposition A4. If wR +2bR < wI +2bI and bR < bI , then R cannot win.

Proof. If R wins with probability 1, then eitherps
R ≥ wI + 2bI andms

R ≥ 1/2 or pv
R ≥ 2bI andmv

R ≥ 1/2. In
both cases,R has losses, so there is no such equilibrium.‖

Proofs for Section6.1

The following lemma narrows down the set of scenarios that have to be considered.

Lemma A3. Given any robust equilibrium with outcomeπ , there is a robust equilibrium with outcomeπ when we
restrict attention to the case where I makes only non-contingent offers and R does not make both types of offers, only
one.

Proof. We first argue that w.l.o.g. attention can be restricted to the case whereI makes only non-contingent offers.
Consider then the case in whichI makes a contingent offerpsc

I . In an asymmetric equilibrium of the tendering subgame,
the shareholders would be indifferent either between tendering toR and toI or between tendering toR and just holding
on to the shares. In the former case, the pay-off to a shareholder from tendering toI would be(1− π)psc

I + πwR
and the pay-off toI would be(1− π)bI + θ(1− π)(wI − psc

I ), whereθ ∈ [0,1/2] is the fraction of shares tendered
to I . It follows that, if I offers instead the non-contingent priceps′

I = (1− π)psc
I + πwR, the above outcome will

continue to be an equilibrium of the tendering subgame. That is, the probability ofR’s win will continue to beπ , a
fractionθ will tender to I and those tendering toI and those who do not will receive the same pay-off.I ’s pay-off will
be (1−π)bI + θ [πwR + (1−π)wI − ps′

I ] = (1−π)bI + θ(1−π)(wI − psc
I ) just as before. Thus, in an asymmetric

equilibrium, w.l.o.g., we may assume thatI is confined to making only non-contingent offers. So it is enough to examine
contingent offers only byR.

The Pareto dominance part of the refinement might rule out an equilibrium withπ ∈ (0,1) underpsc
I but not for

ps
I = (1−π)psc

I +πwR. However, this does not affect the argument just given since whenever the Pareto dominance
part of the refinement would rule out an equilibrium withπ ∈ (0,1) for ps

I = (1− π)psc
I + πwR, it would also rule

it out for psc
I . The constructed equilibrium will satisfy the tie-free requirement as well since ties were not used in the

construction, so if one happens to be created nearby actions will be tie-free and have approximately the sameπ .
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Whenπ ∈ {0,1}, it is obvious thatI can be confined to non-contingent offers w.l.o.g.—if without being confinedI
loses, thenI continues to lose with a restricted strategy space; if without being confinedI wins with probability 1, then
the contingent offer is equivalent to a non-contingent offer. Clearly, in these cases the new strategies constitute a (robust)
equilibrium.

Now we argue that w.l.o.g. attention can be restricted to the case whereR does not make both contingent and non-
contingent offers, just one of the two. Ifπ ∈ (0,1), shareholders must be indifferent betweenR’s contingent offer and
I ’s non-contingent offer (since the tie-free part of the robustness implies that they do not tender to the non-contingent
offers of both) and hence they must prefer these toR’s non-contingent offer (i.e. πpsc

R + (1− π)wI = ps
I ≥ ps

R and
no shares are tendered toR at ps

R). Hence,R’s contingent offer is what shareholders tender to, so the non-contingent
offer by R is then irrelevant. IfR loses with probability 1, then restrictingR’s strategy space is clearly w.l.o.g. IfR wins
with probability 1, then replacing any contingent offer with a non-contingent one will not change shareholder orI ’s
behaviour. That the constructed equilibrium is robust is obvious.‖

Theorem 5 If wk +bk > w j +bj , then in all equilibria k wins.

Proof. The method of the proof is again to rule out asymmetric equilibria in which both contenders win with
positive probability. Recall that in such a putative asymmetric equilibrium, the shareholders are just indifferent about
tendering toR and exactly half tender toR. We know from the analysis in Section4.1 that there is no such equilibrium
when both contenders make non-contingent offers. We now have to extend this conclusion to the cases in which at least
one contender makes a conditional offer and the shareholders are indifferent between such an offer and an alternative.

Consider therefore the case in whichR makes a contingent offerpsc
R and I responds with a non-contingent offer

ps
I . In an asymmetric equilibrium of the tendering subgame, it may not be thatpsc

R < wI since then this outcome would
fail robustness due to Pareto domination by the strict equilibrium in the subgame in which shareholders hold on to their
shares. Therefore,psc

R ≥ wI . In an asymmetric equilibrium of the subgame, the shareholders would be indifferent either
between tendering toR and tendering toI or between tendering toR and just holding on to the shares. The latter case
is ruled out since it impliesπpsc

R + (1− π)wI = πwR + (1− π)wI , hencepsc
R = wR, which is not consistent with

π ∈ (0,1) and the tie-free condition of robustness.

In the former case,πpsc
R +(1−π)wI = ps

I so thatπ =
ps

I −wI
psc

R−wI
anduI = (1−π)bI +(πwR+(1−π)wI − ps

I )θ =

bI +
ps

I −wI
psc

R−wI
((wR − psc

R )θ − bI ), whereθ ≤ 1/2 is the fraction selling toI . Now, if
(wR−psc

R
2 − bI

)
> 0, thenuI is

increasing inps
I so I will set ps

I = psc
R resulting inπ = 1. If

(wR−psc
R

2 −bI
)
< 0, thenuI is decreasing inps

I so I will
set ps

I = wI resulting inπ = 0. Thus, in either caseπ ∈ {0,1}.
The rest of the proof is as in the case of non-contingent offers.‖

Proofs for Section6.2

Theorem 6 The efficient contender wins in equilibrium except in the following regions of the parameter space.

1. If wI +bI > wR +bR andbR > 2bI , thenR wins.
2. If wI +bI < wR +bR < wI +2bI andbI > bR, thenI wins.

Proof. The proof is like that of Theorem2. It follows from the subsequent characterization of equilibrium out-
comes and existence. By LemmaA5 and existence,π ∈ {0,1}. PropositionsA5 andA6 preclude eitherπ = 0 orπ = 1
for all possible configurations of the parameters . For example, part 1 follows from PropositionA5 part (ii). ‖

Before proving that in all equilibriaπ 6∈ (0,1), we present a result analogous to LemmaA3 showing that for our
purposes we can restrict attention to a subset of the strategy space.

Lemma A4. The equilibrium value ofπ is unchanged if we restrict attention to the case where I makes only non-
contingent offers and R does not make both contingent and non-contingent offers for shares and R also does not make
both contingent and non-contingent offers for votes, i.e. pv

R × pvc
R = 0 and psR × psc

R = 0.

Proof. The proof follows exactly the same lines as that of LemmaA3. The only change is that if there is an
equilibrium in which I offers pvc

I > 0, we must show that there is an alternative equilibrium in whichpvc
I = 0. This

follows since instead of offeringpvc
I , I could offer pv

I = (1−π)pvc
I . When offeringpvc

I , the pay-offs to shareholders
tendering votes toI conditionally would be(1−π)pvc

I + (1−π)wI +πwR and the pay-off toI would be(1−π)bI +
θ(1−π)(−pvc

I ), whereθ ∈ [0,1/2] is the fraction of shares tendered toI . With pv
I = (1−π)pvc

I , the same outcome will
continue to be an equilibrium of the tendering subgame. This is because given the sameπ, those tendering toI and those
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who do not will receive the same pay-off andI ’s pay-off will be (1−π)bI + θ(−ps′
I ) = (1−π)bI + θ(1−π)(−psc

I )

just as before. ‖

Lemma A5. With conditional (but unrestricted) offers for shares and votes, there is no equilibrium in which I and R
both have a strictly positive probability of winning, i.e. there is no equilibrium withπ ∈ (0,1).

Proof. Forπ ∈ (0,1), it must be that shareholders tender shares to one contender and votes to the other.
The tendering of non-contingent shares both toI and to R is precluded by the tie-free part of the robustness.

Tendering of non-contingent shares toI and contingent shares toR is precluded by the following argument. If this were
the case, we would haveπpsc

R + (1− π)wI = ps
I . It may not be thatpsc

R = wI = ps
I since then the tie-free part of

the robustness would rule out tendering to both. So, it has to be eitherwI < ps
I < psc

R or wI > ps
I > psc

R . But both
of these cases are ruled out by the Pareto domination part of the robustness requirement. In the first case, the putative
equilibrium outcome in the tendering subgame is Pareto dominated by all tendering toR which is a strict equilibrium
in the tendering subgame (note thatpsc

R ≥ wR or else there will be no tendering toR in the first place). Consider then
the second case and a( f ε

R, f ε
I ) as required by the robustness condition. Ifpvε

I > pvε
R , then the equilibrium where all

shareholders tender votes toI is a strict equilibrium that Pareto dominates the original outcomeπ . If pvε
R > pvε

I , then it
must be thatpsc

R > wR as otherwise it is not an equilibrium for shareholders to sell shares toRas selling votes toR yields
more (πpsc

R + (1−π)wI < πwR+ (1−π)wI + pv
R). But thenI ’s profits are1

2(πwR+ (1−π)wI )−
1
2 ps

I + (1−π)bI

which equals1
2π(wR − psc

R )+ (1−π)bI (by substitutingπpsc
R + (1−π)wI = ps

I ) which is decreasing inπ in which
case the optimalps

I is equal towI whereuponπ = 0.
The same type of arguments rule out the sale of votes to bothI andR.
Finally, there cannot be an equilibrium withπ ∈ (0,1) in which some shareholders tender toR and some do

not tender at all. The impossibility of some not tendering and some tendering shares for non-contingent prices was
demonstrated in Lemma1. That they cannot be indifferent between selling votes at non-contingent or contingent prices
and not tendering is obvious. The possibility of some tendering to a contingent offer byR and some not tendering when
pcs

R = wR is ruled our by the tie-free part of the robustness requirement.
Given that w.l.o.g. contenders neither make both a conditional and an unconditional offer for shares nor make

both conditional and unconditional offers for votes, the preceding discussion implies that ifπ ∈ (0,1), then one of the
following must hold:

1. πpsc
R + (1−π)wI = πwR + (1−π)wI + pv

I .

2. πpsc
R + (1−π)wI = πwR + (1−π)wI + (1−π)pvc

I .

3. ps
R = πwR + (1−π)wI + pv

I .

4. ps
R = πwR + (1−π)wI + (1−π)pvc

I .

5. πpvc
R +πwR + (1−π)wI = ps

I .

6. πpvc
R +πwR + (1−π)wI = (1−π)psc

I +πwR.

7. pv
R +πwR + (1−π)wI = ps

I .

8. pv
R +πwR + (1−π)wI = (1−π)psc

I +πwR.

We consider these cases next. For Cases 1–4, as in LemmaA1, if wI > wR, then in the tendering subgame the strict
equilibrium in which all tender toI (which one can easily verifyis an equilibrium of the tendering subgame when the
relevant equality condition in 1, 2, 3, or 4 is satisfied) Pareto dominates for shareholders any equilibrium of the tendering
subgame withπ ∈ (0,1). So the robustness requirement implies thatπ 6∈ (0,1). Hence, in 1–4 we only consider the case
wI < wR.

(i) If psc
R > wR + pv

I , then all sell to R by the Pareto undomination part of the robustness requirement.
If psc

R < wR+ pv
I , then the only equilibrium of the tendering subgame is for all to sell toI . Hence, ifpsc

R 6= wR+
pv

I , we have π 6∈ (0,1). In the case psc
R = wR + pv

I , the tie-free part of the robustness implies
π 6∈ (0,1).

(ii) Given any equilibrium of this type with someπ ∈ (0,1), we can construct an equilibrium of Type 1 with
pv

I = (1− π)pvc
I since then pay-offs to shareholders and toI and R are the same. Since no equilibrium of

Type 1 with π ∈ (0,1) exists, the same conclusion applies to equilibria of Type 2. (There is also a simple
direct argument:psc

R > wR since otherwise no one sells toR. SincewR > wI , all selling to R—which is an
equilibrium of the tendering subgame—is better than any pay-off withπ ∈ (0,1), so by the Pareto undomination
part of the robustness requirementπ 6∈ (0,1). The case ofπ ∈ (0,1) arising due topsc

R = wR is ruled out by the
tie-free part of the robustness requirement.
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(iii) This situation is identical to the case studied in LemmaA1 of π ∈ (0,1) without conditional offers and therefore
is not feasible forπ ∈ (0,1).

(iv) The same argument as in Case 2, but applied to Case 3, implies that there is no equilibrium withπ ∈ (0,1) in
Case 4.

We turn now to Cases 5–8. As discussed in LemmaA1, wR > wI implies that the Pareto undomination part of the
robustness requirement selects the equilibrium in the tendering subgame where all sell toR. So we consider
wI > wR.

(v) Assume there is an interior solution forπ (otherwise we are done with this step).
If ps

I < wR + pvc
R , then all selling toR is the only equilibrium outcome of the tendering subgame that survives

the Pareto undomination part of the robustness requirement.
If ps

I > wR + pvc
R , then since we are assuming there is an interior solution forπ , we must also havewI > ps

I

(by the equality in condition 5). Thenπ =
wI −ps

I
wI −pvc

R −wR
anduI = (1− π)bI + (πwR + (1− π)wI − ps

I )θ

= (1−π)bI −πpvc
R θ , whereθ ≤ 1/2 is the fraction of conditional votes purchased byI . This is decreasing in

π and hence increasing inps
I . So the optimal solution forI is atπ = 0.

If ps
I = wR + pvc

R , then by the tie-free part of the robustness requirementπ 6∈ (0,1).
(vi) The argument in the proof of LemmaA4 implies that we can assume w.l.o.g. thatI does not make conditional

price offers. Hence, the proof in part 5 applies to this case. (There is also a simple direct argument:psc
I ≥ wI

since otherwise no one sells toI . SincewI > wR, all selling to I —which is an equilibrium in the tendering
subgame—is better than any pay-off withπ ∈ (0,1), so, if psc

I > wI , by the Pareto undomination part of the
robustness requirement refinementπ 6∈ (0,1). The casepsc

I = wI andπ ∈ (0,1) is ruled out by the tie-free part
of the robustness requirement.)

(vii) This is the same as in the unconditional analysis of LemmaA1.
(viii) The argument in the proof of LemmaA4 again implies that we can assume w.l.o.g. thatI does not make

conditional price offers. Hence, the proof in part 7 applies to this case. (There is also a simple direct argument:
If psc

I > wI + pv
R, then all sell toI by the Pareto undomination part of the robustness requirement. Ifpsc

I <

wI + pv
R, then the only equilibrium in the tendering subgame is for all to sell toR. Hence, ifpsc

I 6= wI + pv
R, we

haveπ 6∈ (0,1). The case ofπ ∈ (0,1) due topsc
I = wI + pv

R is ruled out by the tie-free part of the robustness
requirement.) ‖

Proposition A5. If (i) wR+bR > wI +2bI or (ii) bR > 2bI or (iii) both wI +bI < wR+bR < wI +2bI and either
wI > wR or bI < bR < 2bI , then I cannot win in any equilibrium.

Proof. The proof of parts (i) and (ii) exactly mimics parts A and B in the proof of PropositionA1, except that in
addition to consideringI responding withpv

I or ps
I , we also allow for responses ofpvc

I and psc
I . That is,π = 0 cannot

arise in equilibrium sinceR can open withps
R ∈ (max{wI +2bI ,wR},wR+bR) if condition (i) of the proposition holds

or with pv
R > 2bI if condition (ii) of the proposition holds.

That against the former an offer ofpsc
I that wins with positive probability is not profitable holds for the same reason

that an offer ofps
I that wins with positive probability is not profitable. That an offer ofpvc

I that wins with positive
probability is not profitable holds since whenpvc

I +wI ≥ ps
R if I wins thenI has losses becausepvc

I ≥ ps
R−wI > 2bI ,

while if pvc
I +wI < ps

R all sell to R.
Against pv

R > 2bI again it is clearly unprofitable forI to win with an offer of pvc
I just as with an offer of

pv
I . An offer of psc

I ≥ wI + pv
R and I winning results inI having losses, whilepsc

I < wI + pv
R results in all selling

to R.
Similarly, the proof for part (iii) mimics part C in the proof of PropositionA1. To be comprehensive, we repeat

it here and note that the same arguments work whenI also can respond withpvc
I and psc

I . If wI > wR, it cannot be
that π = 0. If R offers ps

R ∈ (wI + bI ,wR + bR), then I has no profitable counter-offer andR has profits. To see
that I has no profitable counter-offer, first note thatps

I > ps
R can only lead to losses, and the same holds forpsc

I . (If
ps

I = ps
R and I wins profitably, then some, but not all, shareholders sell toI , but this is ruled out by the tie-free part

of the robustness requirement.) Ifpv
I < ps

R −wI , thenπ = 1. If pv
I > ps

R −wI , then all shareholders tender toI and
uI = bI − pv

I < bI +wI − ps
R < 0. (If pv

I = ps
R −wI and I wins profitably, then some, but not all, shareholders sell to

I , but this is ruled out by the tie-free part of the robustness requirement.) The same holds forpvc
I .

If wR > wI , then it cannot be thatπ = 0. If R offers pv
R ∈ (bI ,bR), then I has no profitable counter-offer andR

has profits. To see thatI has no profitable counter-offer, first note thatpv
I ≥ pv

R and I winning can only lead to losses
for I , and the same forpvc

I . If ps
I < wR+ pv

R, then (due to the Pareto undomination part of the robustness requirement)
I loses. Ifps

I > wR+ pv
R, then all shareholders sell toI andI has losses, and the same holds forpsc

I . (If ps
I = wR+ pv

R
and I wins profitably, then some, but not all, shareholders sell toI , but this is ruled out by the tie-free part of the
robustness requirement.)‖
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Proposition A6. If wR +bR < wI +bI and bR < 2bI or bR < bI andwR +bR < wI +2bI , then R cannot win.

Proof. The proof mimics that of PropositionA2. The only difference is thatR may open withpvc
R ≥ bI . In this

case, settingps
I = wI + pvc

R (analogous to the behaviour afterpv
R ≥ bI ) is not profitable forI as due to the contingent

nature ofR’s offer, all will tender toI . However, we have thatpvc
R < bR (since otherwise ifR wins with probability 1,

thenR has losses), and then ifI setsps
I just abovewR + pvc

R , everyone sells toI and this is profitable toI . ‖

RemarkA1. The parameter regions considered in PropositionsA5 andA6 include all possible configurations, but they
are not a partition of the parameter space,e.g.(i) and (ii) of PropositionA5 overlap.
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