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We explore how allowing votes to be traded separately of shares may affect the efficiency of cor-
porate control contests. Our basic set-up and the nature of the questions continue the @rmdsaian
and Hart(1980, Harris and Ravi| (1988, andBlair, Golbe and Gerar(l1989. We consider three cases
with respect to the allowable price offers (for shares and for votes when they can be traded separately):
unrestricted price offers, quantity-restricted price offers, and price offers contingent on winning. Our
main results are characterizations of the equilibria and of the circumstances under which vote buying
is harmful. We show that allowing votes to be traded separately of shares results in inefficiencies in all
the cases we study. Similarly allowing quantity-restricted offers is also harmful, but allowing conditional
offers is not in itself detrimental to efficiency. The paper also makes a methodological contribution to
the analysis of takeover games with atomless shareholders. It provides a way of dealing with asymmetric
equilibria that must be dealt with for a complete analysis and it proves existence of an equilibrium.
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1. INTRODUCTION

We study contests over the control of a firm with widely dispersed ownership. The focus is on
the implications of allowing the sale of votes separately from shares. There is a substantial recent
literature arguing that vote buying occurs in practice (albeit indirectly) but we are unaware of
any model that fully characterizes and contrasts the equilibrium outcomes with and without vote
trading and that pinpoints the effect on efficiency and shareholder profits of allowing for separate
vote buying.

This paper is a direct follow-up on the early literature on the allocation of voting rights
to shares which goes back @rossman and Haftl980, Harris and Ravi(1988 and Blair,
Golbe and Gerar@1989. While our basic set-up and the nature of the questions follow this
literature, the results obtained are new. A more detailed discussion of the relation to the literature
is presented in Sectidhbelow.

Following the literature, our model features two contestants competing for control—an in-
cumbent and a rival. The rival moves first and makes a tender offer to the shareholders. The
incumbent responds with a competing offer. Then the shareholders simultaneously make their
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tendering decisions that determine which contestant obtains control. The firm generates income
for its shareholders and a private benefit for the party in control; the magnitudes of the income
and benefits depend on the identity of the parties. In addition to outright offers for shares (and for
votes when such offers are permitted), we allow the contestants to make either conditional offers
(contingent on winning) or restricted offers (placing a cap on the quantity of shares that will be
purchased at the announced prit&)e show that allowing vote buying is (always weakly and
sometimes strictly) harmful in terms of efficiency in all versions of the madeMhether or not
guantity restrictions are allowed and whether or not conditional offers are allowed). Allowing
restricted offers is also harmful to efficiency (whether or not vote buying is allowed). However,
allowing conditional offers is not in itself detrimental to efficiency. There are of course other
considerations like the presence of taxatiBia{r, Golbe and Gerardl989 under which vote
buying might increase efficiency. The present work highlights the costs directly resulting from
the forms of contracts allowed.

A main contribution is an exact characterization of when and why vote buying is harmful,
which should enable future work to contrast more precisely the costs and benefits of vote buying.
The sharp observations we obtain regarding efficiency no longer hold if we look at the profits of
the initial shareholders alone (ignoring the benefits of control). In particular, there are parameters
for which allowing separate vote trading increases shareholder profits, despite being harmful for
efficiency.

Besides the substantive insights outlined above, the paper also has a methodological contri-
bution to the analysis of takeover games with a continuum of shareholders. It provides a way of
dealing with the mixed or asymmetric strategies that are crucial for the analysis.

Indeed, we show that the asymmetric equilibria play two crucial roles in generating the ineffi-
ciencies of vote trading. (This is the case despite the fact that we also prove that along the equilib-
rium path only symmetric strategies are used.) First, an inefficient rival may make a pre-emptive
offer against which the only winning counter-offers of the efficient incumbent lead to subgames
with asymmetric equilibria that cause the incumbent to incur losses. Second, asymmetric equi-
libria in off-path subgames can prevent an efficient rival from making a profitable offer because
the inefficient incumbent can subsequently lead play to a subgame with an asymmetric equilib-
rium that results in losses to the rival. Interestingly, the asymmetric equilibria effectively enable
the incumbent to obtain the same outcome as results from using a quantity-constrained offer.
These intuitions are explained in more detail in Sectib2{before Theoren?) and4.2.1

The paper also develops arguments that facilitate characterization results without fully con-
structing the set of equilibria and deals with the question of existence. Thus, this contribution
provides a full characterization of equilibria that can be used to study these and related issues.

The original motivation for our interest was to understand the difference between the acqui-
sition of control in the corporate context and vote buying in elections in the political context.
Intuitive discussions tend to view the former activity as efficiency enhancing and the latter as
detrimental and it is interesting to understand whether and in what sense this might be true. This
question has already been discussed to some extebekgl, Jackson and Wolinski2009.

The present analysis deepens the understanding by emphasizing that, in the corporate arena, the
acquisition of control could be associated with efficiency only because shares are traded with
the votes. Vote buying alone is not efficient in the corporate context as well. In the political
arena, there is no natural analog to the trading of shares. Such an analogue would require that

1. We assume small shareholders to rule out equilibria where they are pivotal and assume that the competing
parties must make identical offers to all shareholders.

2. Asymmetric strategies (or equilibria) mean throughout that different shareholders make different tendering
decisions, despite being identical.
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each vote-buying party will receive from (or compensate) the voters who tender their votes to
that party any future benefit (or loss) that those voters enjoy (or suffer) from the policies imple-
mented by the winning party. Our analysis does imply that when there are such conditional
posttransfers, allowing vote buying would be efficiency enhancing.

2. RELATED LITERATURE

A large literature on the efficiency of takeovers follows the work of Grossman and Hart (1980
and198Q henceforth GH80 and GH88) amthrris and Ravi (1988 henceforth HR).The main
message of GH88 and HR is the optimality of one share—one vote for efficiency and the potential
benefits of violating it for maximizing shareholder profits. Our results extend this general mes-
sage to the important case of vote buying (which while closely related is strictly speaking not
covered by their framework) and furnish it with firmer foundation by providing a complete equi-
librium analysis. In the remainder of this section, we attempt to place our work in the context of
the broader literature, but obviously this is not a comprehensive séirvey.

One of the first formal papers on takeovers, GH80, considers the case of a single ibédder (
the incumbent cannot counter-offer) with dispersed ownership of the firm and studies the result-
ing free-rider problem. A subsequent literature has discussed the role of separating cash flows
from voting rights in overcoming this free-rider problem. Seg,. At, Burkart and Leg2017),

Burkart and Led¢2010, Burkart, Gromb and Panun¢i998, Gromb(1992, andMarquez and
Yilmaz (2006.%

This is quite different from our model that, following GH88 and HR, considers the case
where the incumbent can make a counter-offer. While HR consider equilibria that allow (all)
shareholders to be pivotal, we adopt the GH perspective of equilibria where shareholders are not
pivotal. We think that pivot considerations are relevant in a situation in which a small number of
large shareholders are holding indivisible blocks of shares, whereas ignoring them seems more
suitable for a situation in which the shares are widely distributed among many small sharehold-
ers, and this is the context of interest to us. (In a related coridekel, Jackson and Wolinsky
(2008 Section V.C), we argued that pivotal equilibria are not robust.)

In this environment, it is accepted that one share—one vote yields efficient takeovers: “In
widely held firms, one share—one vote is optimal only when several bidders compete, as it en-
sures that the most efficient bidder gains contr8ldikart and Lee2008. Our initial result is a
small contribution to this commonly held conclusion by making precise a game and its equilibria
(and the refinements needed) to obtain such a result when shareholders are not pivotal.

Much of the literature focuses on the effect of dual-class shares and does not explicitly in-
clude the case of trading votes separately from shares which we study. That trading votes may
be inefficient in environments such as those considered by GH88 is intuitive from arguments
regarding the inefficiencies of dual-class shares. But we are not familiar with any model that
explicitly demonstrates and identifies the inefficiencies that result from vote buying in such en-
vironments, which is the focus of our analysis.

There is also a notable literature on vote trading and, more generally, empty votes (which are
different ways of decoupling shares from votes, including direct vote trades—as we consider,
using derivatives, and other methods). Hu and Black (2007) discuss the many ways that empty
voting can and does occur. They also document cases where it appears to have been harmful.

3. A broader discussion of the literature is contained, for instance, in the recent surBeyKayt, Gromb and
Panunzi(1998.
4. Bebchuk and Har2001) argue that combining a tender offer for shares and a proxy vote also yields efficiency.
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Christofferseret al. (2007) also find evidence of vote trading (specifically in the equity loan
market). But they also find that the average vote trades for a zero price, which they argue follows
from asymmetric information and facilitates information aggregatmmouter{2010 discusses
further the possibility that vote buying has benefits due to asymmetric information. By contrast
with Christoffersonet al, Aggarwal, Saffi and Sturge42011) and Kalay, Karakas and Pant
(2011 find an increase in the cost of a vote near voting events.

We now turn to the theoretical work on efficiency and vote tragliagse Blair, Golbe and
Gerard(1989 study efficiency and use a basic model that is similar to ours, but they reach the
very different conclusion that witbnly contingent offers vote trading does not harm efficiency.

Our analysis shows that this result does hold in the natural environment where contenders
can make non-contingent offers as well. Based on their result that vote trading is efficient in
the basic modelBlair, Golbe and Gerar@989 go on to argue that in the presence of other
elements like taxation, it might be superior to allow vote trading. Of course, if one allows for non-
contingent offers as we do, then a trade-off will arise. The complete analysis of the inefficiencies
of vote trading that we provide is a necessary first step towards fully comparing such costs and
benefits.

Hu and Black (2007) also argue that decoupling votes from shares can be beneficial as it
may “strengthen shareholder oversight or, under some circumstances, foster efficient investment
decisions,” but they note that it may be harmful as well since it can “facilitate insider entrench-
ment, destabilize dispersed ownership, and, in the case of vote holders with a negative economic
interest, sever the usual assumption that shareholders have a common interest in increasing firm
value”. Our model shows precisely when a form of insider entrenchment is facilitated—in the
sense of showing exactly when an inefficient incumbent retains control. Moreover, we also study
the additional harmful effect that insiders can be weakened to the point that an inefficient rival
can gain control. The analysis of Hu and Black is done without the constraints of a formal equi-
librium model and raises interesting questions that seem worth pursuing formally. While it lies
outside the scope of the current paper, once again our formal model may facilitate such devel-
opments and should be useful for studying the exact trade-offs between the benefits and harms
of vote trading.

Kalay and Pan{2009 allow shareholders to buy and sell votes and shares separately by
trading derivatives. Thus, they show that one share—one vote is not enforceable in the presence
of derivatives. They then argue that shareholders will trade so that the equilibrium will be effi-
cient and shareholders extract the full surplus from the winning Bidus, both efficiency and
shareholder optimality are obtained. However, their model differs in some crucial respects from
ours. First, they do allow for shareholders to be pivotal, which as we argued seems inappropri-
ate for some contexts of interest. Second, while they allow shareholders to trade derivatives to
change their holdings from a one share—one vote starting point, they do not allow shareholders
to separate and sell their votes directly to the contestants, which is what we study. If that was
possible as well, it is not clear what the result would be: it seems possible that the contestants
could use offers for separate votes to their benefit and change the efficiency and shareholder
revenue results. (Kalay and Pant do consider the case where the rival can trade in the derivatives
market, but only in the case where there is a block shareholder.)

5. The papers use different methods to assess these costs.

6. We do not understand their proof since the timing of the game is not clear to us. (The proof of their Lemma
I1.2. seems to allow in one case the incumbent and in another case the raider to move first.) For some parameter values,
their result still seems to us valid, but it is not clear to us whether the strong efficiency and surplus extraction results that
build on this lemma hold in general.
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There are other papers that study corporate vote buying but not in a takeover context. For
example Brav and Mathew$2011) study how a trader can use derivatives to deviate from one
share—one vote. This can be beneficial or harmful, but they show that it is likely to be harmful
when shareholders vote correctly and separating votes from shares is inexpensive. This comple-
ments our result as their inefficiency is due to another source—a trader short-selling the stocks
and then using votes to lower the firm’s value. In another Wdeeman and Orosé2006 con-
sider a repeated game in which vote buying signals competence and show that if the difference
between the value of control and the outside option is increasing/decreasing in ability, then al-
lowing vote buying is beneficial/harmful.

There are also some papers related to our methodological contribBtignoli and Lipman
(1988 henceforth BL) analyse a model in which a raider makes a takeover bid (that is not met by
an incumbent’s response). They develop a model with a finite number of shareholders and study
its limit as the number grows. They contrast this with GH80 who analyse the same situation
using a model with atomless and non-pivotal shareholders. BL do not define the asymmetric
equilibria of the limit continuum game, and hence, they neither characterize nor study it directly
as we do. Substantively, BL follow GH80 in inquiring how the free-rider problem might impede
takeover attempts. Our substantive focus is instead on the effect of allowing trading of votes
separately from shares in a contdsirshleifer and Titman(1990 develop a variant of GH80,
based more oshleifer and Vishny(1986, wherein the raider has private information and a
block of shares (and the incumbent cannot respond to the raider’s offer). Hirshleifer and Titman
use asymmetric equilibria in a manner similar to what we do here to fully solve that model.

3. THE MODEL AND ANALYSIS
3.1. The model

This is a model of a contest for control of a firm. Initially, the firm is controlled by the incumbent
management team, and the shares of the firm are spread uniformly across a continuum of
identical shareholders denoted by the intervallJ0Each share is bundled with a vote. A rival
management teanR, is trying to gain control of the firm by acquiring from the shareholders the
majority of the votes. We will refer t&R and| as the contenders.

UnderR's control, the firm has valuer > 0, which is the total value of the income accruing
to the shareholders, ari®l has private beneflig > 0.7 Similarly, w; andb; represent the firm
value and private control benefit undes control. Thus, if in the end—after all transactions
were performed and all contingencies realized—contekdawvns a fractiono of the shares
after having paid to shareholders the total surh, dfiencontender k 's pay-offs o wy —t + by
if it wins and itisawj —t if j # k wins. Whenk wins, thepay-off to a shareholdewho was
paidz is z+ w if this shareholder still owns the share and jugtnot.

To economize a bit on the taxonomy, we assumeihat nb; # wgr+n'bg, for anyn,n’ e
{0,1, 2}. This implies in particular that in all scenarios the total value is always maximized under
the control of a unique contender.

We consider two basic situations with respect to the allowable trades: one where shareholders
can tender only shares (bundled with the votes) and one where shareholders may also sell the

7. The assumption that the parties in control may be able to extract private benefits is standard in the related
literature. Some theoretical justification is providedBsrle and Mean$1932 andJensen and Mecklinl976; some
empirical justification can be found Dodd and Warnef1983 andJohnsoret al. (2000.

8. This assumption also guarantees that, when each contender makes the maximal offer it can make without
incurring a loss, there will be no tie.
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votes separately (while keeping the shares and hence the income accruing t8 thetng.
former, each contenddre {I, R} quotes a pricep; per share; in the latter, each quotes a pair

of prices(p, py) for full shares (including votes) and for just votes (with no claim to income),
respectively. In each of these situations, we consider three scenarios that differ in terms of the
additional conditions that the contenders may attach to the price offers. In the basic scenario,
the contenders are allowed to make only unrestricted price offers: all the shares tendered to
them must be purchased at the quoted prices. In other scenarios, the contenders are allowed to
qualify their price offers with quantity restrictions and conditions. We will present the details
of those scenarios later on when we turn to analyse them. Since the basic model is common
to all scenarios, we continue to outline the model using the general term “offer” to represent
the combination of prices and whatever additional conditions that may accompany them in the
different scenarios. Leffx denote the set of feasible offers afide Fx denote an individual

offer, by contendek € {I, R}.

The contenders move in sequence. Firsiakes an offeifg € Fr to all shareholders. Then
| responds with an offef; € F; to all shareholders. After observing both offers, shareholders
make their tendering decisions simultaneously. Fin&lgains control if following the tendering
stageR has successfully purchased 50% of the votes (either with or without shares). Otherwise
I remains in control. In other words, tistatus quas for | to remain in control unlesR obtains
more votes that .19

Strategiesare defined in the usual way. A strategy for R is a feasible offergr € Fgr; a
strategy for | prescribes a feasible offer as a functiorR¥ offer, s : Fr — F|; a strategy for
a shareholder specifies a tendering decision (whether and which of the offered tendering options
to accept) as a function of the offefég, f|) made byR andl.

A tendering outcomés a four-tuplem = (m%, m, m$, mY), wherem{ is the fraction of all
shares lf = s) or votes lf = v) that is being tendered to contende&= R or |. (When only
shares can be tradem), = 0 and we can writém%, m}) instead.) The tendering outcome fully
determines the fraction of votes that each of the contenders ends up contbjimgd scenario
in which a contender must purchase all shares and votes tenderedRteritls up controlling
mg + my, of the votes).

We denote byr the probability that R winsThe set ofzs that are compatible witin
is denoted byil(m). That is, if m +m} > 1/2, thenII(m) = {1}; if mk +m} < 1/2, then
I1(m) = {0}; and if m$ +mY% = 1/2, thenII(m) = [0, 1].1

An outcomeof the tendering subgame following offefg and f; is a pair(m, z) 5, f, with
r € I[1(m).

3.2. The solution concept

3.2.1. Subgame perfect equilibrium. An equilibrium in the tendering subganige an
outcome(m, 7 ) 1, f, Satisfying the following: (i) Ime‘ >0,forh=sorvandk=1 or R,
then shareholders’ expected pay-off from tendering instrurhentcontendek is at least as

9. There is no need to consider the option of selling just the share without the vote since in the presence of risk
neutrality and complete information assumed in this model, the value of a voteless share is the same for all actors and
there is no reason to trade it.

10. The alternative where at the end of all trades there is a proxy vote is commented on later.
11. Letting anyr be feasible whem?, +m};, = 1/2 will be necessary for the existence of an equilibrium in the
tendering subgame.
Note thatm, +mY;, = 1/2 and anyr can arise as the limit behaviour Bis— co over a sequence of models with
N shareholders who tender Bowith an appropriately chosen probability that tends t8 While the winning probability
itimplies tends tor.
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high as with any other available option. (ii) If some agent does not tender shares not.eotes,
2 k.h mE < 1, then shareholders’ expected pay-off from not tendering is at least as high as with
any other available option.

For example, when only shares are traded, part (i) implies that

mg > 0= pg > max{p}, rwr+ (1—7)w},
while part (ii) means that
Mi+mM) <1= zwr+1—7)w; >maxp;, Pr}-

We emphasize that is determined in equilibriumt enters the optimality conditions for share-
holders, andr must also be consistent with shareholder behavisur {1(m)).

A subgame perfect equilibriu®PE) in the entire game@iven setd=g, F| of feasible offers,
consists of strategies, k= R, |, and for each pair of offer§gr, f; a selection of an equilibrium
outcome in the tendering subgaitme, 7 ) 1, f, such that neitheR nor| can increase the pay-off
it gets in the resulting outcomen, )44, (+5) DY deviating from itss.

3.2.2. Our solution concept—a refinement of SPE. Our solution concepts refines SPE
by imposing two additional requirements. One rules out knife-edge equilibria that rely on share-
holder indifference and would not survive perturbations of the game. The other essentially rules
out equilibria in the subgame that are Pareto dominated for the shareholders. The formalization
of these requirements is as follows.

Definitionl. The offersfg, f| are said to bée-freeif pE % p'j1 andpy # p‘j’+wj forh e {s,v}
andj #ke {R,1}.

Definition2. An SPE(fg§, o[, {(M*,7%) g 1,: (fr, f1) € Frx F{}) isrobustif for any fg, f|,
ande > 0, there are tie-free offeld g, f°) in ans-neighbourhood ofr, f; and an equilibrium
in the tendering subgame followin(d g, ), denotedm, z) fo, £ such that

1. |(m*, T*) g, f; — (M, ﬂ)f};’ fe| <€ and
2. (m, ) fo. ¢ is not Pareto dominated for the shareholders by any strict equilibrium in the
tendering subgame followingg, /.

In other words, consider the outcon@*, 7 *) . f, prescribed by the equilibrium for the
tendering subgame following the offef$g, f|). If these offers involve no ties and there is no
other strict equilibrium outcome that is preferred by all shareholders, then the robustness con-
dition is satisfied. If fr, f|) involve ties, then the robustness condition requires that there must
be nearby offers;f§, f), that involve no ties and such that there is some equilibrium outcome
(M, ) e, ¢ of the ensuing subgame that is (1) close to the original equilibgorn z *) ¢, ,
and (2) not Pareto dominated by any strict equilibrium of that subgame.

Part (1) of the robustness refinement pins down how ties are bféKenits absence, tie
breaking will not be pinned down uniquely by the equilibrium. For example, consider the sce-
nario in which the contenders may only buy shares at unrestricted prices. Consider a subgame
after R offers a pricepy € (w; + by, w) +2b)). If | were to offerp} = pg, then shareholders
would be indifferent between tendering toand toR. Then| would profit from this if a bit

12. The definition of tie-free offers is stated here only in terms of uncontingent pcasd p!' since we have not
yet introduced the notation for contingent offers. But it will apply to them in the same way as we will note again after
introducing the required notation in Sectién
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more than 50% of the shareholders would tender to it,Ibwbuld suffer losses if all share-
holders would tender to it. Thus, in this subgame, there are multiple equilibria that differ in how
shareholders break ties when they are indifferent. This observation distinguishes this model from
some other Bertrand-style models in which tie breaking is uniquely determined in equilibrium.
The robustness requirement rules out equilibria of the form just mentioned that are clearly knife-
edge. It impliese.qg.that in the equilibrium of the subgame following the offggs= p}, the
shareholders will not tender both ®and tol . This follows from (1) because for any nearby
tie-free offerspy ~ px, we havep; # pg and then the unique equilibrium in the tendering sub-
game following(p?, pg) has shareholders tendering to the contender offering the higher price
and not to both.

To understand our motivation for (2), note that, as is common in voting games, inefficiencies
in our model can arise due to coordination failures. Since our purpose is to focus on the ineffi-
ciencies due to the trading rules—in particular whether votes can be sold separately—we adopt
a refinement that rules out inefficiencies that arise due to coordination failures.

Henceforth, when we refer to aquilibriumof the game we meanrabust SPHexcept of
course when we explicitly refer to SPE or to (Nash) equilibria of the tendering subgame).

3.3. Overview of the analysis

The analysis focuses on the contrast between the case where votes can be traded separately and
the case where they cannot. As mentioned above, this comparison is conducted in three different
scenarios with respect to the nature of the offers that the contenders may make. The structure of
all the cases, however, is similar and goes as follows.

Section8 establishes that in all scenarios there exists an equilibrium. In every case, we show
that there cannot be an equilibrium in whighe (0, 1). The conclusion from these two obser-
vations is that, in equilibrium, one of the contenders wins with certainaty=(1 or z = 0). It
is then relatively straightforward to rule out one of these possibilities, thereby identifying the
equilibrium winner for each configuration of the parameters.

This allows us to draw conclusions regarding the overall efficiency of the equilibrium. By our
definition, the outcome isfficientif the contender that generates the maximal total valyet
by, wins. We then also use these observations, combined with some properties of the contenders’
best replies, to comment on the pay-offs that shareholders receive in equilibrium.

Throughout the analysis we stick to the basic scenario outlined above Whenest gain
control over at least 50% of the votes in order to win. In the Appendix, we also present results
for an alternative scenario in which the contest ends with a vote. Allowing for voting at the end
changes the game because tifiedoes not need to purchase a majority of the votes to obtain
control, it is enough thaR obtains a majority in the vote at the end. However, the main results
are unchanged.

Despite the similarity in the general structures of the proofs, every scenario requires some
specialized work, so it is not possible to provide a unified proof. Still to help the reading, we
present in the body of the paper only the proofs of the first (and simplest) scenario. The proofs
for the remaining cases are relegated to the Appendix.

4. UNRESTRICTED AND UNCONDITIONAL OFFERS

In this section, we consider the simplest trading rule. The contenders’ price offers cannot be
quantity constrained—they must purchase the entire quantities tendered to them at the prices
they quote. The main results of this section are that, when votes cannot be traded separately,
the equilibrium outcome is efficient (maximizes + bx), and with vote trading, it need not be
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efficient. We characterize precisely when inefficiency arises if vote trading is allowed. Roughly
speaking, the “wrong” contender can win when its private benefits are sufficiently larger than
those of the other contender; vote trading enables it to win even when it is not efficient.

4.1. Only shares

In this subsection, votes are inseparable from shares. So, a feasible offer by coktenger
is a pricep;, at which it must purchase all shares tendered to it. To gain coRmolyst purchase
at least 50% of the shares.

Theorem 1. The contender with the higher total value; + bj, wins in all equilibria.
Proof. Follows from the following two lemmas. ||

Lemma 1. There is no equilibrium in which both contenders win with strictly positive proba-
bility, i.e. there is no equilibrium witk € (0, 1).

Proof. Robustness implies that, in any equilibrium, it cannot be that some shareholders
sell some shares tb and some tR because any tie-free offers ne@g, py) will break the
indifference and change the outcome discontinuously. So &f(0, 1) arises at equilibrium, it
must be that half the shareholders tendeRt@and half do not tender at all. Hengg, < pg, and
those who do not tender 8 hold out to get the expected valdaor + (1 — 7 )w,. In such a
case

PR =7wr+(1—m)w, @

for otherwise all shareholders would tender eitheRtor not at all. Finally, it must also be that
w) < pg since ifw; > pg this equilibrium would fail the Pareto part of robustness since its
outcome (and any sufficiently close outcome) would be dominated by a strict equilibrium in the
tendering subgame in which shareholders do not tender at all.

Letu;j denote the profit of = |, Rin the equilibrium withz € (0, 1).

Uy =(1-m)by, (2)
uRz%[—p§+an+(1—n)w|]+an 3)
= wbr (by equation 1)).

1. Suppose| +by > wr+bg.

Consider an equilibrium in which € (0,1). Let G; denotel’s profit after offering p}
just abovepy. Sincep; > pg > w, all shareholders will tender ta Choosingpy in the
interval (p, pg + 7 [w) + b —wRr —br]), we get

Uy =—py +w +b
> —pk+ 7 (wr+br)+ (L—7)(w +by)
=rnbr+({A—7)b > (1-7n)b =uy, 4)

where the second equality holds by the equilibrium condititn Thus,| can deviate
profitably from the putative equilibrium with € (0, 1).
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2. Supposen| +b; < wr+bg.
Since this is an equilibrium, cannot profitably outbidR with p} just abovep. That is,

up > by +w — py (5)
=b +w —[rwr+(1—7)w]

=1 —-nm)b +7(w +b —wr), (6)

where the first equality follows from equatiof) (If w| +b; > wrg, thenu; > (1—x)b) in
contradiction to equatior®]. If w| +b; < wRg, thenz € (0, 1) may not arise in equilibrium
since pg = wr would guaranted® a win with profitbr > 7 br = ur in contradiction to
the equilibrium hypothesi&® ||

Lemma 2. If by +w, < br+ wR, thenz = 0 cannot occur in equilibrium; if b+ w; >
br + wR, thenz = 1 cannot occur in equilibrium.

Proof. Suppose first thai +b; > wr+ br. It cannot be thatr = 1. If p} > wr+br
andrz = 1, then all shareholders tenderRmand R has a loss. So, sind®'s profitability implies
Pk < wr+bg, | can win profitably withp} just abovewr + br. Suppose next that; +b; <
wr+bgr. If br > 0, thenp% > max{w, + by, wr} would guarantee profitable win fd, which
| can defeat only at a loss, whileliik = 0, thenp}, € (w; + by, wr) (Which is a non-empty
interval) guarantees a profitable win fBrwhich | can defeat only at a loss. ||

In terms of shareholder payments, the equilibrium outcome is not necessarily unigue- If
b > wr+bg, thenl always wins but there are multiple equilibriaRs behaviour can impact
pay-offs tol and to shareholders. Specifically, dependindminitial move, shareholder pay-
offs could range anywhere imjf , w| + b;]. (However, equilibria with pay-offs abover + br
involve weakly dominated offers bR.) If w; +b; < wr+ bg, then shareholders pay-offs are
max{w, + by, wr}.

4.2. Both votes and shares

In this scenario, votes can be traded separately from shares. The contenders’ offers take the form
(p3, p‘j’), wherep]?‘ is the price for the full share (including its vote) ap?fi is the price per vote
offered byj = R, | . As above, contenders are committed to purchase any quantities tendered to
them.

In this case, vote trading interferes with efficiency: the winner is not always the efficient
contender (the maximizer @ + bj). To gain some intuition, recall that when votes cannot be
traded andor +br > w) + by, Rwins with p = w| + by evenifb; > bg.

We now argue that, when votes can be traded lan large enough, theR cannot win
profitably with any bid for shares;, < wr + br. For simplicity of this intuitive description, we
assume that the incumbenprovides only private benefits; > 0, w; = 0, and the rivaR only
shareholder benefitbgr = 0, wr > 0, and suppose thair > b;. Clearly, R cannot win with a
bid for shares that is less thAn as then can simply overbid and profitably win. So consider an

13. This argument would fail ibg = 0. In that case, there are multiple equilibria, wh&ean offer any price
pSF'{ € [w) + by, wRr] and win with probabilityz € [b) /(wr —w), 1], and in all these equilibrigR obtains 0 profits.
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offer for shares byR that lies betweeb, andwg. The important point is that, althougdRis offer

is aboveb,, it may still be possible fot to profitably win. The key to this observation is that,
after| responds with an offer for votes just beldRis bid for shares, there is only an asymmetric
equilibrium in the tendering subgame, so thatill buy only half the votes and hence can afford
to offer more tharb, per vote!*

To see this, note that if the majority of shareholders tender their shaReghien any share-
holder is better off tendering his vote toas this will give him the vote’s price plusr (that is
obtained wherR is in control). If instead the majority tender their votesltahen an individ-
ual shareholder knows that the share value will be zero and hence he is better off tendering to
R for the offered share price that is higher than the vote price offered us, in the only
equilibrium in such subgame, shareholders randomize equally between the two (since there is a
large number of shareholders, they must randomize equally for the outcome to be stochastic),
and hencel buys only half the votes.

The next important feature of this offer is thiatan win with probability close to 1 in the
asymmetric equilibrium of the tendering subgame. To see this, recall first that for shareholders
to behave asymmetrically, they must be indifferent. If they seRtthey getR’s bid for shares,
pg. while if they sell tol , they getl s bid for votes,pY, plus the share value afr if and only if
R wins (since the share value undeis zero). If p\' is just belowpg, then for these to be equal
the probability ofR winning must be close to zero.

Hence, with this unrestricted offer for votdsis able to achieve the equivalent of a restricted
offer. This enables to profitably bid for votes so long as buying half the votes at (just below)
R’s total value ofwg is worthwhile,i.e. so long as B; > wr. We have thus seen thatecause
of the asymmetric equilibria that arise in tendering subgam&scannot win even when the
total value thaR provides,wr, is greater thanh’s total value ofb; .

Now note that in the equilibrium of the subgame just descrilieds purchasing half the
shares at a positive price amds obtaining control with probability 1, s&’s purchase is not
profitable, and hencd? would not initially make such an offer, leavirigin control.

Theorem 2. The efficient contender wins in equilibrium except in the following regions of the
parameter space.

1. Ifw) +b; > wr+bgrand bz > 2b;, then R wins though | is the efficient contender.
2. Ifw) +b <wr+br <w| +2b and b > bg, then | wins though R is the efficient
contender.

The proofis in the Appendix. The method is as before. It is first shown that there are no asym-
metric equilibria in which both contenders win with positive probability. Then for each region of
the parameter space, one of the contenders is eliminated as a possible winner, which leaves the
other as the sole candidate for winning. Since existence is assured, this characterization implies
the result.

4.2.1. First- and second-mover advantages.The characterization in Theore2reflects
both a first-mover and a second-mover advantage.

e Second-mover advantagé/henwg + b is not too much larger tham, + b, thenl can
win with even a small advantage in private benefiis;> br. By contrast, ifw; + b, >

14. The term asymmetric strategies (or equilibrium) means throughout that different shareholders make different
tendering decisions. Since shareholders are identical, this is a purification of a symmetric mixed strategy. But since there
is a continuum of shareholders, it is more straightforward to talk about asymmetric than about mixed.
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wRr + br and R’'s advantage in private benefits is not too large,< br < 2by, thenl|
wins. So, those situations exhibit a second-mover advantage.
The source of the second-mover advantage is in the ability to make an offer that induces
an asymmetric equilibrium in the tendering subgame in which the second mover acquires
just half the shares or votes. This enables the second mover to offer a premium above the
true value. The first mover cannot do so for fear of having to pay the premium to all share-
holders. So, the second mover can effectively mimic the effect of a quantity restriction
even when it cannot be explicitly imposed.

e First-mover advantagaihenbg > 2b;, Rwins regardless of how much greatetis+ b,
relative towr 4+ br. In contrast, wherb, > 2bg, then| would still lose if wg + br >
w) +2b;. So, in those situations there is a first-mover advantage.
The source of the advantageR& ability to make a pre-emptive offer to buy votes. Even
whenw, is far greater thamg, beating such a pre-emptive offer would result in a loss
for I. The fact that such a response would result in a los$fass well does not help
sinceR’s offer is already in place. FdR's pre-emptive offer to be successfbk must be
more than twicéd, . This is becausé can again use its second-mover ability to induce an
asymmetric equilibrium in which it buys only half the shares and hence can offer premium
of up to 2, over their public value.
More specifically, ifbr > 2b; andw, + b, > wr + bg, then| cannot win profitably
following an initial offer by R of p§ = 2by 4 &. Obviously,| cannot win profitably with
p/ > pk. Consider ther’s possible responses with. If p} < wr+ 2b; +¢, then all
shareholders sell tR so| will lose. If p} € [wr+2b; +¢,w; +by), then sincas; > wr
(which follows frombg > 2b; andw, +b; > wr+bg), in the equilibrium of the ensuing
subgamel cannot win with probability 1. (This is because,lifwins at p} < w; +by,
then an individual shareholder does better sellingRtand earningo| + 2b; +¢.) Thus,
either R wins or it is an asymmetric equilibrium in which half sell ® and half tol .
The latter requires indifference} = 7 wr + (1 — 7)w| + pk, and thenl’s profits are
(1—m)b + (rwr+ (A —m)w))—py)/2= (1—7)b —b; <0 (the expected benefit of
control plus the loss on the shares acquired lwhich are half of the total).
In contrast, whet, > 2bg andwr+bgr > w| +2b;, | cannot win profitably. In this case,
R can offer to buy shares @, = w| +2b; +¢ against whicH has no profitable response.
Again it is obvious that no offep; for shares can be beneficialltoAn offer with p) < 2b
attracts no shareholders, while an offerf> 2b; induces an equilibrium in the subgame
with shareholders tendering to both in whithk profit is negative(1—z)b; — p//2 < 0.

The reader might be concerned that the inefficiency here owes to the specific extensive form
assumed in the model. First, the above discussion clarifies that the inefficiency may arise with
any order of moves. The specific order might affect the region of the parameter space at which
the inefficiency will arise, but the qualitative observation that the separation of votes from shares
may undermine the efficiency remains valid in all cases and the fundamental explanations are
of the same nature. Second, it is also easy to see that the inefficiency is not an artifact of the
finite horizon. At least some of the inefficient equilibria are also subgame perfect equilibria of
the infinite-horizon gamé&? For example, consider an equilibrium of Type 1 whBris the inef-
ficient contender that wins with an initial offer to whi¢thas no profitable response. Obviously,
this is also an SPE outcome in the infinite-horizon gamd. (i&d a profitable response to which
R could not profitably respond whdR can make a further counter-offer, themrould certainly

15. We do not comment on robust equilibria on which we focus elsewhere in this paper, as the definition would
have to be suitably modified and existence re-established, and that goes beyond the scope of this paper.
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make this response in the current game.) Finally, it is important to remember that the order and
the sequential nature of the bidding emerge naturally from the scenarios that are being modelled
here. It is therefore not surprising that much of the related literature has adopted this extensive
form and even just for the sake of comparison with the existing literature it makes sense to

retain it.

4.2.2. Shareholder profits. We also examine the effect of vote trading on shareholders’
pay-offs. The comparison of pay-offs across the different regimes is sometimes ambiguous due
to the presence of multiple equilibria: whérwins in equilibrium, the pay-offs td and to the
shareholders depend d@is initial actions andR is indifferent among a wide range of actions.
However, just like the conclusions of GH88 for dual-class shares, even when the comparison is
unambiguous it can go either way: the introduction of separate vote trading sometimes enhances
and sometimes harms shareholders pay-offs.

For example, whem| +b; > wr > w; andbr > min{w, —wr + 2b;, b, }, contendeR
wins whether or not votes can be traded separately, but shareholders pay-offs with vote trading
(min{w, +2by, wr+ b, }) are larger than without it + b ). The intuition behind this observa-
tion is that vote trading benefits the shareholders because it fBrtesake a more aggressive
offer. When votes cannot be traded, Rrto win it must offer p} = w +bj. When votes can
be traded, ifR simply offersp} = w; + by, thenl can respond wittp’ = by — ¢ and, for suffi-
ciently smalle, will win profitably with probability close to 1 (the equilibrium in the tendering
subgame following these offers is asymmetric). Theref@eyust either offemg = w; + 2b
or p; = by to deterl, both of which lead to higher pay-offs to shareholders.

By contrast, whenvg < w andbr > w| +b; —wgr > 2b;, contendeR wins whether or
not votes can be traded separately, but shareholders pay-offs with vote traging2p, ) are
smaller than without it#); 4+ by ). This is because in the absence of vote tradR¢pas to offer
pk = wi + by, while with vote trading it can win with buying just votes it = 2b .

Thus, vote trading can benefit shareholders because it mayRdcmake a more aggressive
initial offer when faced with the possibility of subsequent offers for votes. It can be harmful
under other parameters becalsmay win control by buying only votes at a lower price than if
R had to buy shares.

5. RESTRICTED OFFERS

The change from the previous analysis is that the contenders are allowed to make restricted offers
that cap the quantities of shares and/or votes that they will buy at the prices they announce. That
is, a contender is committed to buy at the price it announced any quantity tendered to it up to
the pre-announced quota. Intuitively, it seems that such a cap should enable contenders to offer
higher premiums over the public value of the shares since by capping the quantity they would
not have to pay this premium to all shareholders. It therefore should bias the outcome in favour
of contenders with higher private benefits. This type of result appears in GH88 and subsequent
literature and is also confirmed by the following analysis. Note though that while the direction
of the bias is the same as in the case of allowing vote buying, the cases in which inefficiency
occurs differ.

5.1. Only shares

First consider the case in which votes can be transferred only by trading shares. As before, the
rival has to acquire a majority of the shares to take control. An dffdsy contendej = R, | is
apairfj = (pf,m?). This is a commitment to buy at the priq:§ any quantity tendered to it up
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to m°. Recall that the outcome of the ensuing tendering subgarfragismy; =), wherem® is
the mass of shareholders who decide to tendgr+oR, | andz is the probability thaR wins.
If M3 < m®, then them$ shareholders who tenderedjtare rationed with equal probability and
only afractionm§ /m$ end up tendering.

Thus, if (M3, m,s, ) is an equilibrium outcome of the tendering subgame, it must satisfy the
following conditions:

¢ If m® > 0, then tendering t¢ should be at least as beneficial as the alternative options of
tendering to the other bidder or keeping the share. That is,

m ms
min[m—é,ll pe+ [1—min[m—é,1” x [rwr+ (1—m)w]
i i
m me
> max[min[m—%,ll ps; + [1—minIm—%,1” x [rwr+(1—7)w ],

Twr+ (1—m)w ]

Here m|r1(m5/ms) 1} is the proportion of shareholders who offer their shareg &nd
succeed in selllng them. These shareholders om?erhlle the others receive wr +
(1—7)w,. The max is over the option of offering one’s share-tp and not tendering at
all.

e If m}+m} <1, then the option of not tendering is at least as beneficial as tendering. That
is, foreachj = R, I,

rwr+ (1—7m)w, >m|n{(m /m ), 1}pJ +[1- mln{(m /ms) Urwr+ (1—m)w].
Remarkl. We specify that ifn} = 1/2 andm}, > 1/2, thenR wins.

The main intuition of the following analysis is that, since the winning contender can cap its
offer at half the shares, it can bid updg + 2b;j and still break even. Therefore, we expect that
I wins if w) +2b; > wr+ 2br and R wins if the reverse inequality holds strictly.

Theorem 3. In all equilibria, the contender with the higher valuewf 4 2bj wins.

The proof is in the Appendix and again follows the logic of first ruling out equilibria with
7 €(0,1).

5.2. Both votes and shares

An offer f; by j = R, | is a four-tuplef; = (p ms p m") Wherep andp are the prices
offered by j for shares and votes, respecnve)gmle ms andm are the respecnve quantity
restrictions. The main result here is that vote buying harms efglmency in the sense that the region
of the parameter space over which the efficient contender wins shrinks in comparison to the case
in which votes cannot be traded separately.

An outcome of the tendering subgame followifig and f; is (m, z) 5 f, = (M}, ML, m},
m\ll;ﬂ')fR,fl, wherem? and m‘j’ are the masses of shareholders who decide to tender shares
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and votes, respectively, tp= R, | given offers(fg, f|) and as beforer is the probability

that R wins following these offers. The rationing rules are as before and are applied to each
offer separatelylf m? < m?, only afraction mf/m? end up tendering shares {¢ and simi-

larly if mj < mY, only afractionmj/m! end up tendering votes tp, independently of con-

tender j’'s other offer. At such an outcome, the expected pay-off of tendering shargssto
min{(m?/m?), 1) p? +[1- min{(ﬁ?/m?), ][z wr+ (1—x)w ]; the expected pay-off of ten-

dering votes tg is min{(m‘j’/m‘j’), 1} p‘j’+[7rwR+ (1—m)w,]. Inan equilibrium of the tendering
subgame, any action taken by a positive mass of shareholders (tendering shares and/or votes or
not tendering at all) must yield to shareholders expected pay-off at least as high as the expected
pay-off of any of the available options of tendering or not.

Remark2. As in Remarkl, if R is oversubscribed when it restricts its purchases to half the
shares and votes, then it wins. That is, if fmitf,, mj} + min{my, m%} = 1/2 andmy, > m or
my, > My, thenR wins.

Theorem 4. The identity of the winner is the same as in Theofexcept for parameter
configurations satisfying| +2b, > wr+ 2bgr and b > b;. For these configurations, | is the
efficient contestant and would be the winner in the absence of vote trading, but R wins when
vote trading is allowed.

The proof is in the Appendix and its logic is again as in previous cases. It is argued first that
in all equilibriaz ¢ (0, 1). Then for each region of the parameter space, eitherO orz =1
is ruled out which implies (via existence) that the remaining case prevails in equilibrium.

5.2.1. First- and second-mover advantages.The results above show that with restricted
offers, there is only a first-mover advantage (and no second-mover advantage). This is consistent
with the reason for the second-mover advantage when restricted offers are not possible. There we
argued that the second-mover advantage results from the ability of the second mover to create
an asymmetric equilibrium in the tendering subgame in which the second mover obtains half
the votes but that the first mover cannot do so for fear of having to pay all the shareholders.
With the ability of making restricted offers, this limitation on the first mover does not exist,
and the first mover can do exactly what the second mover achieves. Indeed, the firstRpover,
wins with restricted offers in strictly more cases thardoes whenR cannot make restricted
offers.

6. CONTINGENT OFFERS

In this scenario, contenders are allowed to make contingent offers, an offer that takes effect if
and only if the offering contender wins. An offer by contendlet |, R for shares is a pair of
prices: a contingent pricpi° at which contendek will buy all shares that were tendered to it
in the event that it wins and a non-contingent prigeat which it is committed to buy in any
case. Similarly, an offer by contender= I, R for votes specifies a contingent prig¥° and a
non-contingent pricgoy. Each of these prices stands for a contender’'s commitment to purchase
any quantity tendered subject to the contingency.

Now that we have the notation, we restate Definitiaf tie-free offers to apply to contingent
offers as well: The offerdr, fi are tie-free ifpf! # pf! and pg # pY +wn for h e {s,v,sg vc}
andj #ke{R,I}.
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6.1. Only shares

Again we first consider the case in which only shares can be traded. An outcome of the tendering
subgame is an array of the forgm%, m, m}, m¢, 7). Thus, the offers are unrestricted offers

but they can be conditioned on winning. The main result here is that outcome is efficient—the
contender with the highesty + bk wins—as in the case of non-contingent and unrestricted offers
for shares alone. Thus, unlike quantity restrictions this form of contingency does not interfere
with efficiency.

Theorem 5. If wx+byx > wj +bj, then in all equilibria k wins.

The proof is in the Appendix and its method is again to rule out asymmetric equilibria in
which both contenders win with positive probability. We know from the analysis in Section
4.1 that there is no such equilibrium when both contenders make non-contingent offers. This
conclusion is extended here to the cases in which at least one contender makes a conditional
offer.

6.2. Both votes and shares

Now allow for votes to be traded separately. Here, an outcome of the tendering subgame is an
array of the form(mg, mg, mg, mfg, my, m%, m/, m/®, z). The analysis is similar to the case
with non-contingent unrestricted offers. While more complicated as there are more cases to

consider, surprisingly the outcome is unaffected by allowing for contingent offers.

Theorem 6. The efficient contender wins in equilibrium except in the following regions of the
parameter space.

1. Ifw| +b > wr+brand br > 2b;, then R wins.
2. Ifw) +b <wr+br <w;+2by and h > bg, then | wins.

The proof is in the Appendix and the argument follows the same logic of ruling out asym-
metric equilibria as in the previous proofs.

7. VARIATIONS ON THE BASIC MODEL: VOTING IN THE END

In the version of the model analysed so faigains control only if it acquires more than 50% of

the votes. In an alternative description of the process, the bidding contest is followed by a vote
that determines which contender will end up in control. In such a ¢éasgght gain control even

when it does not acquire the majority of the votes. It is not entirely clear which is the “right”
model. Some related contributions in the finance literature employ the former model and some
employ the latter. The rationale for using the model without the voting in the end is that to force
a vote on control the raider might have to acquire a majority of the votes.

However, this question is not important for our conclusions regarding efficiency since the
introduction of voting to the model would not change the results. To see this, consider a mod-
ified version of the model with voting in the end. That is, once the tendering stage is over,
the two contenders with the blocks they have acquired and the remaining shareholders (who
have sold neither their vote nor share) vote and the contender who wins this vote gains control.
We will establish the claim by showing that any equilibrium outcome in the voting version has
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an equivalent outcome with the same winning probabilities in the game without V&ting.

present the argument for the environments in which the contenders can make unrestricted offers

for shares or for both shares and votes. It is clear that the argument can be extended to the case

of restricted offers as well, but this will require some additional steps and we will forgo it here.
Observe first that, ifor < w;, those who do not tender t& end up voting forl , so in or-

der to win R must still acquire over 50% of votes and nothing changes in the above analysis.

Consider, therefore, the casewfk > w, and a particular equilibrium in this case. lLzetdenote

the probability with whichR wins anddy denote the fraction of the total votes (with or without

shares) thak = R, | ends up purchasing in this equilibrium. Clearlygi > 1/2, this equilib-

rium is automatically an equilibrium in the absence of voting as well. Similarly, # 0, this

is also the case, since R cannot deviate profitably when there is voting in the end, it cannot

do so in the absence of voting. Finally,4f > 0 anddr < 1/2, consider a configuration that

differs from the equilibrium configuration only in th& offers an unrestricted price for shares

pk = twr+ (1—7)w (i.e. the other parts oR’s offer and those ot s offer are just as in

the equilibrium); all the shareholders who tender shareR tw vote for R in the equilibrium

sell shares tR at this pi and all other shareholders behave as in the equilibrium. It can be

verified that this configuration is an equilibrium outcome in the game without voting in the end.

The shareholders who sell sharesRat p}, get the same pay-off as those voting ®iin the

equilibrium and so do the shareholders who sell tw to another part oR’s offer. BothR and|

get the same pay-offs. Clearlg, does not have a profitable deviation since it would be available

in the equilibrium with voting as well. Similarly, any profitable deviation lbyould have the

same effect in the equilibrium with voting. Thus, the constructed configuration is an equilibrium

configuration in the game without voting.

8. EXISTENCE

In this section, we prove existence of an equilibrium. The method is to consider limits of equilib-
ria of a sequence discretized games (where the actions spacesdR are finite, and there is
a continuum of shareholders). The grids for the discretized games are selected so as to preclude
ties (.e.in our terminology, any pair of offers in a discretized game is “tie-free”).

Recall the notationfj, j = I, R, is an offer,F; is the set of feasible offers for, and an
outcome in the tendering subgame followitér, f|) is a tuple of the form(m,z )+, f, =
(Mm%, mg, my, mY; 7)1, consisting of the fractions of shareholders tendering shares and votes
to each firm, and the probability with which R wins. LetC( fr, f|) denote the set of equilib-
rium outcomes in the tendering subgame which are not Pareto dominated by a strict equilibrium
outcome in the tendering subgame. gt fr, f|, (M, )5 f,) denote the pay-off to contender
j given fr, f; and an outcomém, )+, f, in the subgame following fgr, f;). Finally, let
Uj(fr, fi) = {uj(fr, fi,(m,z)): (m,z) € C(fR, fi)}.

F; varies across the different scenarios as follows:

e In the unrestricted-shares casg,= R, is a set ofp®-s (prices for shares).

e In the case of unrestricted shares and vofgs= Ri is a set of(pS, p¥) pairs (prices for
shares and for votes).

e In the quantity-restricted shares caBe= R, x[0, 1] is a set of( p%, m®) pairs (share price
and quantity restriction).

16. The reader might be concerned that some equilibria in the game without voting are no longer equilibria in the
game with voting. However, we have shown that the winner of the contest is the same in all equilibria when voting is
allowed; hence, the efficiency of the equilibria is indeed unaffected by allowing for voting at the end.
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e In the case of quantity-restricted shares and vétps= (R4 x[0,1])? is a set of(p®,
m°; p¥, m") four-tuples (prices and corresponding quantity restrictions).

¢ In the case of contingent offers for sharés,= Ri is a pair of pricesp® and ps¢ (non-
contingent or contingent).

e In the case of contingent offers for shares and vdtgsz Ri is a pair of pairs of prices,
one pair corresponds to the contingent and non-contingent offers for shares and the other
for votes.

First note that is a non-empty correspondence. This follows from existence of equilibria in
the shareholder subgame. Fix the offeirg, f;. For eachr € [0, 1], define the set of tendering
outcomesM () that are optimal for the shareholders when they exRaotwin with probability
T. (That is, givenr, if m{g > 0, then tenderindp to k maximizes the shareholder’s utility out
of the available options, and ¥, mL‘ < 1, then not tendering must be optin)a([:learly, this
set of tendering outcomes is non-empty, convex valued and the correspomdéngés upper
hemi-continuous. Recall that for each outcame M (x ), the correspondendé(m) defines the
set ofz's that are consistent witim. (That is, if R’'s share of the votes at that outcome is strictly
smaller than 12 or strictly larger than 12, then the resulting set i9} or {1}, respectively;
if R's share of the votes is exactly 4, then the resulting set is [0].) SoII(M(x)) defines
a non-empty, convex valued, upper hemi-continuous correspondence whose fixed point is an
equilibrium value ofz for the tendering subgame. This implies that the set of all equilibrium
outcomedm, 7) 1, f, in the tendering subgame followindR, f|) is non-empty, and obviously
C(fR, f|) is a non-empty subset.

Now consider a different type of game in which we, the analysts, choose a selection of
C. That is, we choose a functiandefined onFr x F; such thatc(fg, f|) € C(fr, f|) and
other than that the game is the same as the original game. We call this the new game, and
the preceding version—where the shareholders get to choose any equilibrium outcome of the
tendering subgame fro@—the original game.

Claim1 Given an SPE of the original game, there is a selection ¢ under which those strategies
are an SPE of the new game, and conversely, given a selection ¢ and an SPE equilibrium of the
new game, we have an SPE of the original garfe.

Proof. Obvious. |

Remark3. In the original game, there is no selection frémthat is continuous. Equivalently,
there is no selectioasuch that the new game is continuous. To see this consiggparameters
satisfying min(wj + b;) > p,s > p§ > max wj. Then the only outcome that is not Pareto dom-
inated by a strict equilibrium outcome in the tendering subgame is for all shareholders to sell
to |. Considerpg > pj > max wj, then all sell toR. So if we have a sequence converging to

P} = PR continuity must fail: whatever we think shareholders do, the game is not continuous.

Claim2 C and U are upper hemi-continuous.

Proof. Obvious. ||

17. Here and elsewhere in this section, the term SPE refers to any subgame perfect equilibrium not necessarily a
robust one (which we refer to as an equilibrium throughout the paper).
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Remark4. Note that if the setC was defined to include only Pareto undominated equilib-
rium outcomes in the tendering subgame (rather than all those that are undominateidtby
equilibria of the tendering subgame), then we would not obtain upper hemi-continuity. Indeed,
consider a game withvg > w; and a subgame aftepsR =0, p‘,’Q < by. Thenl has no best re-

ply. I would want to choose, = py and sell to all but this will be Pareto dominated for the
shareholders by an (non-strict) equilibrium in the subgame in which all sell their vofes lfo

| choosesp) = pg+¢, thenl getsuj =b; — pg —¢, sol wants to choose > 0 as small as
possible.

Now define another game, call it an extended gafriEhe extended game has three players.
The incumbent and rival have the same strategy space, and a fictitious third player chooses
an element oR2. The pay-offs are as followd. gets whatever the third player chooses for
him, R gets whatever the third player chooses for him, and the third player’s utility function is
constant at 1 if the vector of strategies are any elemefitfef, f|, Ur(fr, f1),U; (fgr, f1))} C
Fr x Fi x R? and is a continuous function that strictly decreases as the strategies move away
from that set. The pay-offs fdrand R are trivially continuous. The pay-offs for the third player
are continuous if (and only if) botblks are upper hemi-continuous.

Claim 3 An SPE of the extended game is an SPE of a new game (where we use the selection ¢
given by the third player from the extended game) and conversely.

Proof. Obvious. ||

Claim 4 (Hellwig et al, 1990 Given any sequence of finite grids of a continuous extensive
form game and any sequence of SPE for the sequence of games, the limit of the path of those
SPE is an SPE path of the limit game. (Take subsequences whenever necessary.) Moreover, there
exists a sequence of SPE of the finite games converging to the SPE of the limit game.

Proof. The first claim is Theorem 1 iHellwig et al.(1990. The second claim follows from
their discussion of lower hemi-continuity (p. 419).|

Our existence result now follows from the above arguments.

Proposition 1. In each of the scenarios considered in this paper, there exists an SPE whose
outcome is a limit of SPE outcomes in a sequence of discretized versions of the game converging
to the original game.

Proof. Take a sequence of finite-grid gant®g converging to the original game, and take
any convergent sequence of outcorgsuch thate, is an SPE ofG,. Any such outcome,
is also an SPE outcome of an extended versioG{by the construction above). Hence, the
extended version of the limit game has an SPE and furthermore the seqyetme/erges to
the outcome of that SPE (bytellwig et al,, 1990. The SPE that supports that outcome in the
extended version of the limit game is an SPE of the original game that has the same outcome
(by the construction above). ||

We conclude by claiming that (robust) equilibria exist. First we make a trivial observation
that follows from the definition of robustness.

18. We thank Phil Reny for this idea.
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Claim 5 Fix a sequence of grids without ties’ Fk = R, I, such that i — F. If (f5, ],
{(m", M) ¢, 1, € C(fR, f1): fr, fi € FR x F"}) is a sequence of (robust) equilibria witt§ +>
fr, o' = o) (i.e. for all fr € FR, there is a sequencepf— fr with o/'(fR) — o1 (f)),
and(m",z™) — (M, ) (i.e. for all (fr, f|), there is a sequencefy, f) — (fgr, f|) with
(m”,n”)fg,fln — (M, ) tg, 1) and (fr, o1, {(M,7) 5, 1,: fr, fi € FRx Fi}) is an SPE, then
(froor, {(m, 7)1, fr, fi € Frx Fi}) is a (robust) equilibrium.

Proof. This is just a restatement of the definition of robust equilibrium.
Proposition 2. A robust equilibrium exists in all the games considered in this paper.
Proof. Follows from Claims4 and5 and Propositiod. ||

Remark5. Note that the set of (robust) equilibrium outcomes is contained in the set of out-
comes of SPE that satisfy the tie-free part of the robustness definition and such that, for any
offers (fr, fi), (M, )¢, 1,) € C(fR, fi). This is because, if an outcontm, )¢, , ) is not

an element o€ ( fgr, f|) because it is Pareto dominated by a strict equilibrium (8ayt ) in the
tendering subgame, then it will also fail robustness. To see this, recall that robustness requires
(fg, f7) close to( fr, fj) and(m?, z*) an equilibrium in the subgame following g, f/) such
that(m®, z¢) is not dominated by any strict equilibrium in the subgame following, f ). But

for & small enough(rh, 7) will be a strict equilibrium in the subgame following g, f) and

it will Pareto dominatem?, z¢). Thus, characterization results that hold for all SPE that satisfy
this weaker condition hold automatically for all the (robust) equilibria.

9. CONCLUSION

This paper makes two types of contributions. First, it makes a methodological contribution to
the analysis of takeover games with a continuum of shareholders. It suggests a way of dealing
with the asymmetric strategies that are crucial for the analysis, develops arguments that facili-
tate characterization results without fully constructing the set of equilibria, and deals with the
question of existence. This opens the way both to examine and fully understand the scope of
old results and to generate new results. Second, the analysis obtains relatively sharp substantive
insights and shows that earlier conclusions might be misleading. The practice of vote buying
is detrimental to efficiency under all circumstances but is not necessarily detrimental to share-
holder profits. Thus, previous conclusions about the efficiency of vote buying when contingent
offers are allowed and about the optimality of one share—one vote for shareholders pay-offs are
imprecise or incomplete.

APPENDIX

Proofs for Sectiod.2

Theorem2 The efficient contender wins in equilibrium except in the following regions of the parameter space:

1. If w; +b; > wr+bgr and bg > 2b;, then R wins though 1 is the efficient contender.
2. Ifw) +b; <wr+br <w| +2b; and b > bg, then | wins though R is the efficient contender.

The proof relies on Lemmal (which adapts Lemma to this case) and Propositiodsl and A2, which are
stated and proved below. The analysis is simplified by noting that without loss of generality (wl.aged only
make an offer for either shares or votes, but not both together. If shareholders sell only votes or only shares, then of



216 REVIEW OF ECONOMIC STUDIES

course the other offer is irrelevant. If shareholders are indifferent and buy both, then they must be indifferent so that
pls =rwr+1—7)w| + p‘l’ and thenl is indifferent as well. This argument does not appl\Ras an offer that is not
taken in equilibrium may still restridt's replies®

Lemma Al. There is no equilibrium in which both contenders have a strictly positive probability of winning, i.e. there
is no equilibrium withz € (0, 1).

Proof. Note that in any equilibrium withr € (0, 1), contenderR purchases half the votes (with or without the
shares) and the shareholders are indifferent. As in the proof of Lemmoaustness implies that, in any equilibrium, it
cannot be that some shareholders sell some shatest some tdR because any tie-free offers nQ@FR, pf') will break
the indifference and change the outcome discontinuously. The proof of Ldnatsa shows that it cannot arise due to
shareholder indifference between tendering shar&saiod not tendering (note that the argument there applies since such
indifference requirep) = pj = 0.) Thereforez < (0, 1) can arise only in two cases. (1) Aftép)s, pg. p) such that
pS, > minwy, p} € (p§ — maxwy, p§ —minwy), andp) > ps and no one sells votes R.20 (2) After (p}, p,. p})
such thatp} e (p}; +minwg, p + Maxwg) and pf > pg and no one sells shares ®2! Outside the closure of these
open intervalR or | wins with certainty since all shareholders prefer selling eithérdoto R regardless of . (At the
end points of these intervals, we hagg= p‘j’+w| for j #kandl = | or R, which precludeg < (0, 1) as shareholders
indifference requirepf = p‘j’ +rwr+ (1—7)w, andw| # wRr.)

First, consider the tendering subgame after offgks> minwy and p' > 0 such thatp) e (p} — maxwy, Pk —
minwg).

Assumew| > wR, SO thatp‘,’ € (p,sq —wy, pSF‘e —wR). The Pareto undomination part of the robustness requirement
then selectz = 0.

Assumew| < wR so thatp) € (p} —wRr. Pk — w( ). Thenz € (0, 1) implies that

PR =rwr+(1—7)w| +p} (A1)
and so
S _ _nv
T = Pr-®I =P, (A.2)
WR— W]
hence,

up = 1—m)b —p)/2

S V
= mbl — p\ll/z_ (A.3)
WR—W|

Note thatu; describes the profit at the purported asymmetric equilibrium. Moreover, for pﬁ‘ner(psR — WR, p'sR —
w) ), this function continues to describe the pay-offs o long asp‘l’ > p‘,’Q.

If w) +2b; > wg, thenu, is increasing irp‘l’ sol has a profitable deviation from the purported equilibrium.

If w) +2b; < wRg, thenu, is decreasing irp‘l’, and if p‘l’ > p‘ﬁ, then there is again a profitable deviation fdrom
the purported equilibrium.

Thus, the only possibility for: € (0,1) is thatw| +2b; < wgr with psé < wR (since if psR > wR, thenu; <0 by
equation A.3)) and p = p; (and no one sells votes ®). But this is ruled out as follows.

R’s pay-off at the purported equilibrium is

Trwr+A—-7)w| — pSR
2

UR =7mhr+
=rbr—p//2

PR— w1 — P}
= ﬁbR— p/2, (A.4)

19. For example, ip} +7wr+(1—7)w| = p) +7wr+ (1—7)w| = pg, it may be that no shareholders buy votes frBrand| fails
to lower p}’ as that would result in no one selling votesd tBut if R were to lowerp}, thenl could lowerp} and not lose all votes.

20. No one sells votes t& because in any tie-free offers, eithgf > pj; and no one sells votes ® or p} < pk and then no one would
sell votes or shares tig and in both events, by the tie-free part of the robustness requirememtyld not be interior.

21. See footnoteo.



DEKEL & WOLINSKY BUYING SHARES AND/OR VOTES 217

which is increasing irpg and decreasing ip). If R deviates top} = wr and p; = 0, thenl will not respond with
P} > pf (since if the last inequality is strict, than = w| — p{ < w| —wgr < 0, and if it is an equality, then by the
tie-free part of the robustness requirement eithéuys from all and also; = w; — plS =w| —wR < 0 or R buys
from all andu; = 0), and as established above in this cases decreasing irp‘l’, sol’s best response in terms pf is
p) = 0. Therefore, the deviation o, = wgr and pj; = 0 increasesir, SoR has a profitable deviation unlep§ = wr
and p‘a =0. Butthen, as noted,s best reply isp‘l’ = 0 whereuporr = 1. This establishes that in the subgame following
an offerp'f'q > minwy, there is no equilibrium witlxr € (0, 1).

Second, consider the equilibria in the subgame foIIovq'pﬁ, pls) such thalplS isinthe interval p‘&-ﬁ-minu)k, p‘|§+
maxwg).

If wr > w) , then there are multiple shareholder equilibria, but again the Pareto undomination part of the robustness
requirement selects the equilibrium where all selRtsoz = 1.

If w) > wg, then shareholder indifference implies that

p‘é—i—an-‘r(l—n)un = plS (A.5)
and hence v, s
T = w (A.6)
w| —wR
+(1- -p}
U = (=) + eRTE=mw Py
2
S _ AV v
_ PIZWRZ PRy _ PR A7)

w] —wWR 2

which is linear and increasing ip,S over [wr+ p‘,’Q, w| + p‘lg]. Therefore, max, is achieved apls =w| + p‘,’q, where
7 =0. Thus, ifw] > wg, thenz ¢ (0, 1).
It follows that for all parameter configurations,e (0, 1) does not arise on the equilibrium path,|

Proposition Al. If () wr+br > w)| +2by or (i) br > 2b; or (i) wr+br > w; +b; and bg > by, then | may
not win in equilibrium.

Proof.

(A) If wr+br > w| +2b; andwgr > w|, thenRcan startwitf‘pf’Q inthe intervalmaxw, +2b;, wr}, wr+bRr)
and win profitably. To see this, observe first that it would not be profitablé forrespond WithplS > psé >
w)| +2b; . Suppose next thatresponds witkp‘l’. Clearlyp‘l’ < p%—wR leads tar = 1 (this inequality implies
that selling shares t® is better for shareholders than selling voted Y@and p‘l’ > pf? —w| leads to losses
for | (since thenp‘l’ > 2b; and the best can do is buy half the votes and ok\)ltair; controlvwith probability 1).
For p\’ € [pk —wRr. Pk — w1 ], equations A.1) and @.2) hold, sou; = %m - %, and, over this
range,u; is maximized either ap‘l’ = psé —wR > 0 which impliesz = 1 (because it < 1, then tendering
votes tol yields Ies§ than tendering sharesRpso cannot happen in equilibrium) orgf = pg — w; which
impliesu; = by — % <0.

(B) If br > 2b; andwr < w| (wr > w) is covered by the preceding case), tHertan start Withp‘ﬁ > 2b;
and win profitably. To see this, observe first that it would not be profitablé torrespond withp‘l’ > p‘{?.
Suppose that responds withp}’. Clearly, pj < wr + pk results inz = 1 and p} > w| + pg leads to
Iossses for!/. Otherxvise equationA(5) holds,wgr < pj — pg < wy, = is given by equationA.6) andu; =
%m - %. Hence,p‘,’Q > 2b; implies thatu; < 0, which means thalt’s best response is to I&®
win.

(C) Supposean| +b; < wr+bg andb; < bg. First we argue that ifv; > wg, then it cannot be that = 0.

If R offers psR e (w) +b;,wr+bR), thenl has no profitable counter-offer arRihas profits. To see that
I has no profitable counter-offer, first note thgt > pf, > w| + by, then all tender td, so this cannot lead

to gains forl. Next, if p‘l’ < pf‘? —wy, thenz = 1. If p‘l’ > pfq —w|, then by the Pareto undomination part
of the robustness requirement, all shareholders tender votearidu; = b; — p‘l’ <by +w — p'f'q <0.If

p‘l’ = psR —w) and not everyone sells toand| wins, thenl may have a profit. But this is ruled out by the
tie-free part of the robustness requirement.

If wr > w, then it cannot be that = 0. If R offers p‘l’q € (b, bRr), thenl has no profitable counter-offer
and R has profits. To see that, has no profitable counter-offer, first note tmﬁ > p\é can only lead to
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losses. prlS <wr+ p\(?' then (due to the Pareto undomination part of the robustness requirdnieseks. If

plS > wR+ p‘ﬁ, then all shareholders sell taand| has losses. Finally, ';bls =wRr+ p‘l’? and not everyone sells

to | andl wins, thenl may have a profit. But this is ruled out by tie-free part of the robustness requirement.
(A) and (B) together cover cases (i) and (i), while (C) covers (iii).

Proposition A2. If (i) wr+br < w| +b; and bg < 2b; or (i) br < by andwr+bgr < w) + 2by, then it cannot be
that R wins.

Proof. First consider the caser+bgr < w| +bj andbr < 2b; . If 7 =1, then eitheipd;, > w| +by or p; > by.
(Otherwisel has a profitable deviation.) Butij?e > w| + by, then withz = 1 all shareholders tender sharefRso R
has a loss, sincer+br < w| +by. If pf > by, then there are two possibilities.dfg > w) , in which caséy > bg
(sincewr+br < w; +by), then p‘ﬁ > br and withz =1 all tender votes t&® and that implies again th& has a loss.

If wr < w), thenl can setp} just beloww; + p and win profitably with (just above) half the shareholders selling to
I which is profitable fo while R has a loss. This proves (i).

If (i) holds (but not (i), thenbr < b} andw| +b; < wr+br < w| +2b;, sowr > w|, and ifr = 1, then
either p‘{? > b > br and all tender votes tB andR has losses, qof‘? > wR+ bg and all tender shares ®andR has
losses, orpf‘Q < wr+bg. But then if| offers p‘l’ = psR —w| —e < 2by, the only equilibrium in the tendering subgame
is asymmetric withr ~ O (since if all tender votes tb, it is better to tender shares B[ pf? > p‘l’ +w;] and if all tender
shares taR, it is better to tender one’s vote toas p‘,’ +wR > p‘E], so the equilibrium in the tendering subgame must
be asymmetric withp¥y = p‘l’ +rwr+(1—7)w| sothatp] ~ psR —w| = & ~0) and this is profitable td. ||

Proof of Theoren?.  To see how the result follows from Lemmdel and Proposition&\1 andA2, we partition
the parameter space as follows. Cases 2 and 4 below are those that correspond to Cases 1 and 2 in the statement of the
theorem.

1. wr+br < w| +b; andbr < 2b; wherel wins.

. wrR+br < w| +b; andbr > 2b; whereR wins.

. wr+br > w) +by andb; < br whereRwins.

. w] +2by > wr+br > w| +by andb; > br wherel wins.

. wr+br > w) +2by (> w; +by) andb; > bg whereR wins.

abs~wnN

By LemmaAl and the existence result, in all equilibria eittiewins or| wins with probability 1. Then Proposition
Al part (i) implies 5, part (ii) implies 2 (and part of 3), and part (iii) implies part 3. Proposaidmart (i) implies 1,
part (i) implies 4 (and part of 1). ||

Proofs for Sectiorb.1
Theorem3 In all equilibria, the contender with the higher valuewf +2b; wins.
Proof. First we observe that, w.l.0.g. we can restrict attentioh'saffers (pj,m}) with M} = 1/2. To see this,

obs_efr_ve that, for given levels ofif and, any offer(p},my}) is equivalent for shareholders t@;,1/2), where p}
satisfies

AS _ _ . 1 _ s _ _ . ﬁ
(B —[rwr+ @ —m)w hmin] <. 1t = (pf ~ [rwr + L -m)w hmin{ L 1. (A8)
| |

Therefore, there exists an equilibrium in the tendering subgame foIIo(fﬁfﬁgl/Z) with the samemlS andz. Letu,
denotel 's profit with (p?, my)

u =@Q-=x)b + min(m,s, mf‘)[n: wr+A—7m)w| — pls]
and letd; denotel’s profit with ([5,5, 1/2) and the same

0) = (1—m)by + min(1/2, M) [z wr+ (1 —7)w| — B}
From min(x, m?) = my min[(x/m?}), 1] and equationA.8), it follows thatu; = @, . Therefore, there exists an equilib-
rium in the tendering subgame foIIowim@IS, 1/2) at whichl gets the same profit as in the equilibrium of the tendering
subgame following p}, ;).

If = € (0, 1) arises at equilibrium, it must be tha, = 1/2, M > 1/2, andm} < 1/2. It cannot be than} = 1/2
and thatl is oversubscribed because then fewer th&hténder toR and| wins. If m’; =1/2 andR is oversubscribed,
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then R wins (by our specification above—see RemajkBut then it cannot be that shareholders are selling shares

to both| and R since this is ruled out by the tie-free part of the robustness requirement. Thus, shareholders must be
indifferent between selling t& and not tendering at all, implying tha% =rwr+(1—7)w.Letuj denote the profit

of j =1, Rin the putative equilibrium witlx € (0, 1).

up=QQ-m)b =1-m)by, (A.9)

1
UR = 5[-PR+rwr+(1—7)w]+7br =7bR. (A.10)
Consider the following two configurations of parameters.

1. Supposen| +2b; > wRr+ 2br and thatzr > 0. It may not be that = 1 sinceR’s profitability implies pf? <
wR+ 2bR, but thenl can win profitably with(py, m7) = (maxX{ pk, wr}, 1/2). Thus,z < 1 in any equilibrium.
Suppose then that € (0, 1), so that equationsA(9) and (A.10) hold. Consider a deviation bl to the offer
(p}.M}) = (P} +¢,1/2), wheres is positive and small, say < z 2bg. Contender will end up buying from
a masg) < 0.5 of the shareholders and win (since eithafr > 1/2, andl wins, ormlS < 1/2, which implies
that nobody would tender tR since tendering td is more profitable). Lefi; denotel’s profit following this
deviation:

0 :9(—p§—8+11)|)+b|
> 0[-py —&+7(wR+2bR) + (1—7)(w| +20))]+(1—20)b|

=0[—e¢+n2br+ (A —7)2b) ]+ (1-20)b) > (L—7)b) =uy,

where the first inequality follows from the assumption + 2b; > wr + 2bg. Thus,| can deviate profitably
from the putative equilibrium witlx € (0, 1). Together with the previous observation thak 1, we have that
there is no equilibrium withr > 0. Combining this with the result on existence, we conclude that with these
parameterg = 0.

2. Suppose| +2b; <wRr+2bg and thatr < 1. It may not be the case that=0 sincep‘f‘? > maxw| +2by, wr}
andm?q = 1/2 would guarantee a profitable win f&, which | can defeat only at a loss. Thereforege (0, 1)
and agairp} < p} =z wr+ (1—7)w| and equationsA.9) and (.10) hold. Since it is an equilibrium, cannot
profitably outbidR with (p},m}) = (p} +¢,1/2). That s,

up > by + (w) — p%)/Z.
Sincep}, = rwr + (1—7)wy , this implies that
up 2 by + () —[rwr+A-m)w ])/2=1~-7)b| +7(w +2b —wR)/2.

If w; +2b; > wg, it follows thatu; > (1—z)b; in contradiction to equationX9). If w| +2b; < wg, then
z € (0,1) may r_lo_t arise in equilibrium sincp% > wR would gua_ranteeR a W|n with profi_tbR +wRr— p%.
But, for fJSR sufficiently close tawg, br + wr — fJSR > rbr > uR in contradiction to equilibrium. Therefore,
7 € (0,1) cannot arise in equilibrium. Thus, there is no equilibrium with 1. Combining this with the result
on existence we conclude that with these parametessl. ||

Proofs for Sectiorb.2

Theorem 4 The identity of the winner is the same as in Theofeexcept for parameter configurations satisfying
w) +2b) > wr+ 2br and by > b, . For these configurations, | is the efficient contestant and would be the
winner in the absence of vote trading, but R wins when vote trading is allowed.

Proof. The proof follows from the subsequent characterization of equilibrium outcomes and existence. By Lemma
A2 and existencer € {0, 1}. PropositionsA3 andA4 preclude eitherr = 0 orz = 1 for all possible configurations of
the parameters. ||

Before proving that in equilibriunr ¢ (0, 1), it is useful to establish that it suffices to restrict attention only to a
subset of the possible offers, specificallyl tmaking an offer( pls, 1/2;0,0) or (0,0 p‘l’, 1/2) and toR making an offer
(PR Mk PR-MK) with My > 1/2 andmY, > 1/2. The next two claims formalize this result.
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Claim Al Foranyz € (0, 1) that arises in some tendering subgame following sogef f, there exists an equilibrium

in the subgame followinggfin which |'s offer is( pls, 1/2;0,0) or (0, 0; p‘l’, 1/2) and the subsequent tendering subgame
(following fr and I's offer of( pls, 1/2;0,0) or (0,0; p‘l’, 1/2)) has the same . Moreover, if the original equilibrium in

the tendering subgame is not Pareto dominated by any strict equilibrium in the tendering subgame, then neither is the
equilibrium following & and I’s offer of( pf', 1/2;0,0) or (0,0, p‘l’, 1/2) that has the same.

Proof. Suppose that’s offer in the original equilibrium is(p?,™}; py,mY). If shareholders tender tb only
sharesi(e. nj > 0 andm) = 0), this offer is equivalent t¢p’, ™}’; 0, 0). For the shareholders, this is obviously equiva-
lent to(py’, 1/2; 0,0), wherep}’ satisfies

(p} = [rwr+ (1=7)w ))min[(1/2m})), 1] = (p} — [z wRr + (1= 7)w 1) min[(A} /m}), 1].
I’s profit with (p},™}; 0,0) is
(1—m)by +min(@}, M) [z wr+ (L —7)w; — P71
Sincer remains the same witfp;’, 1/2; 0,0), | 's profit with (p’, 1/2;0,0) is
(1—m)by +min(1/2,m))[zwr+ (1—7)w; — pyl.

Since minm®, my) = my min[(M°/m), 1], it follows that(p}’, M}’; 0,0) and(py’, 1/2; 0, 0) are equivalent for as well.

An analogous argument would establish that if shareholders tendienrtly votes {.e. m} = 0 andm} > 0), there
is an equivalent offe(0, O; p‘l’/, 1/2).

Suppose therefore that shareholders tendértktoth votes and sharese m,S >0 andm‘l’ > 0). This implies that
they are indifferent between these two options. That isr + (1 — 7 )w; + min{m} /mY, 1} p = min{Mm} /my, 1} pj +
(A—min{m}/m}, 1}) x [rwr+ (1 —m)w].

Clearly, the offer(p},™}’; 0,0) suchthatmy = min{m} (m} +mY)/m7, 1} is equivalent for the shareholders if
m? 4+ m) tender to it. To see that it is also equivalent foobserve that’s profit with (p?,m}’; 0,0) equals

(1=m)by +min{i’, m} +mj){z wr+ (1—m)w| - p}]
= A=m)by +(m} +m))min(my’/(m} +m)), Bz wr+ (A —7)w; = pj]
= (L= )by + (m] +mY) min[min{m; /m7, 1/(mf + mY)}, [z wr+ (1—7)w| — p;]
= (L—m)by +mj min{m}/m}, [z wr + (1—7)w| — pj]
+my min{m /m$, Bz wr + (1—7)w| — p;]
= (1—x)by +m} min(M}/m}, [z wr+ (1 —7)w; — pj]—m{ min{my /my, 1} p}
= (1—x)by +min{my, m}[z wRr + (L7 )w; — pj] —min(my, mY} py,

which equald s profit with (p}, ™7; py, ™).

The second equality follows from the definitimﬁmls’, the third from :l[(mlS + m‘l’) > 1, and the fourth from the
shareholders’ indifference.

Finally, it follows from the previous argument th@i?’, m}’; 0, 0) is equivalent ta py’, 1/2; 0, 0).

It is straightforward to verify that the equilibrium in a tendering subgame that is constructed in this proof is not
Pareto dominated by any strict equilibrium in the subgame if the original equilibrium in the tendering subgame was not
Pareto dominated. ||

Claim A2 For anyr € (0,1) that arises in some tendering subgame followirg fi, there exists an equilibrium in

the tendering subgame following an offer by(R,. M; pL. MR), thatsatisfiesTh, > 1/2 or M}, > 1/2 and which has

the samer € (0, 1). Moreover, if the original equilibrium in the tendering subgame is not Pareto dominated by a strict
equilibrium in the tendering subgame, then neither is the equilibrium of the tendering subgame that has theasaime
follows the aforementioned restricted offers.
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Proof. Consider thecasemy, < 1/2 andMj < 1/2. It has to bethat M}, + My > 1/2 since otherwiser =
0. Sincer € (0,1), at least one oR’s offers is not oversubscribed, for otherwi&would win. If offer p% is not
oversubscribed, then the offep3,, 1/2; P‘;’a’m\ﬁ) when coupled with the same responsel byould leave the existing
shareholders’ tendering decisions optimal, hence would yield the saam& the same pay-offs f&R and . And if
| has a better response againpg, 1/2; p‘{?,m‘{q) than its original response, then this response would be also better
against the original offer biR. An analogous argument can be made if ip}§that is not oversubscribed, in which case
the offer(pg., M; Pk. 1/2) would achieve the same result agaihistresponse.

We also need to argue why this construction does not violate the Pareto undomination part of the robustness re-
quirement. lfwr > p%, then the only equilibrium in the tendering subgame h&a selling toR; this is unchanged.
If wr < pg. then if all sell toR they getwr/2+ pg/2 < pk Which they get in the constructed equilibrium of the
tendering subgame. ||

Lemma A2. There is no equilibrium in which both R and | have a strictly positive probability of winning, i.e. there is
no equilibrium withz € (0, 1).

Proof. Supposer € (0, 1). This implies thatR ends up acquiring exactly half votes (with or without shares) and
that shareholders are indifferent between tenderirfigi@od the alternative of tendering k@r keeping their shares. That
is, min{m%,, M} + min{m}, ML} = 1/2. By the preceding claim at least one R offers is not restricted to quantity
below 1/2. That offer is not oversubscribed since if it wdRavould win. Thus, there must be indifference between that
offer and the same alternative as there was in the second sentence of this paragraph.

Given these observations, the proof mimics that of Lerdvha@ssentially verbatim. ||

Proposition A3. If wr+2br > w; +2b;, or bg > by, then | cannot win.

Proof. If wr+2br > w| +2b;, orbgr > by, it may not be that = 0, since in the former cadR can start with
(PR- 1/2;0,0) such thatp}, € (w) +2b, wr 4 2br) and in the latter case witt®, 0; p);, 1/2) such thatp; > 2b; and
win profitably in both cases. ||

Proposition Ad4. If wr+2br < w; +2b; and br < by, then R cannot win.

Proof. If Rwins with probability 1, then eithep}, > w| 4+ 2bj andm} > 1/2 or p, > 2b; andm}; > 1/2. In
both casesR has losses, so there is no such equilibriumj|

Proofs for Sectioi®.1

The following lemma narrows down the set of scenarios that have to be considered.

Lemma A3. Given any robust equilibrium with outcome there is a robust equilibrium with outconzewhen we
restrict attention to the case where | makes only non-contingent offers and R does not make both types of offers, only
one.

Proof. We first argue that w.l.0.g. attention can be restricted to the case Wheaes only non-contingent offers.
Consider then the case in whithmakes a contingent offepfc. In an asymmetric equilibrium of the tendering subgame,
the shareholders would be indifferent either between tenderifgtod tol or between tendering tR and just holding
on to the shares. In the former case, the pay-off to a shareholder from tendeiingdwold be (1 — n:)p,sc—i-;rwR
and the pay-off td would be(1—7z)b; +0(1—7)(w| — pls‘b, whered € [0,1/2] is the fraction of shares tendered
to |. It follows that, if | offers instead the non-contingent priq:é’ =(1- n)pf’c—i- TwR, the above outcome will
continue to be an equilibrium of the tendering subgame. That is, the probabilRsafin will continue to bex, a
fractiond will tender tol and those tendering ioand those who do not will receive the same pay-bff.pay-off will
be (1—m)b) +0[rwr+ (1 —m)w) — Pl = (1 —7)b) +6(1—7)(w| — p{°) just as before. Thus, in an asymmetric
equilibrium, w.l.0.g., we may assume tHais confined to making only non-contingent offers. So it is enough to examine
contingent offers only byR.

The Pareto dominance part of the refinement might rule out an equilibriummwétt0, 1) under p° but not for
plS =1-n) p|3°+:ru;R. However, this does not affect the argument just given since whenever the Pareto dominance
part of the refinement would rule out an equilibrium withe (0,1) for p} = (1— ) pj®+ 7 wR, it would also rule
it out for plsc. The constructed equilibrium will satisfy the tie-free requirement as well since ties were not used in the
construction, so if one happens to be created nearby actions will be tie-free and have approximately the same
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Whenz € {0, 1}, it is obvious that can be confined to non-contingent offers w.l.0.g.—if without being confined
loses, therl continues to lose with a restricted strategy space; if without being conffiméds with probability 1, then
the contingent offer is equivalent to a non-contingent offer. Clearly, in these cases the new strategies constitute a (robust)
equilibrium.

Now we argue that w.l.0.g. attention can be restricted to the case \Rdoes not make both contingent and non-
contingent offers, just one of the two. #f € (0, 1), shareholders must be indifferent betwed®a contingent offer and
I’'s non-contingent offer (since the tie-free part of the robustness implies that they do not tender to the non-contingent
offers of both) and hence they must prefer thes&®non-contingent offerife. 7 p + (1— 7)w| = p; > p} and
no shares are tendered Roat p},). Hence,R's contingent offer is what shareholders tender to, so the non-contingent
offer by Ris then irrelevant. IR loses with probability 1, then restrictirig's strategy space is clearly w.l.o.g.Rwins
with probability 1, then replacing any contingent offer with a non-contingent one will not change shareholder or
behaviour. That the constructed equilibrium is robust is obviou.

Theorem 5 If wy + bk > wj +bj, then in all equilibria k wins.

Proof. The method of the proof is again to rule out asymmetric equilibria in which both contenders win with
positive probability. Recall that in such a putative asymmetric equilibrium, the shareholders are just indifferent about
tendering toR and exactly half tender t&. We know from the analysis in Sectidnl that there is no such equilibrium
when both contenders make non-contingent offers. We now have to extend this conclusion to the cases in which at least
one contender makes a conditional offer and the shareholders are indifferent between such an offer and an alternative.

Consider therefore the case in whiBhmakes a contingent offanRC and| responds with a non-contingent offer
pf'. In an asymmetric equilibrium of the tendering subgame, it may not bepﬁjaft w) since then this outcome would
fail robustness due to Pareto domination by the strict equilibrium in the subgame in which shareholders hold on to their
shares. Therefore;q'SRC > w; . In an asymmetric equilibrium of the subgame, the shareholders would be indifferent either
between tendering t& and tendering td or between tendering tB and just holding on to the shares. The latter case
is ruled out since it impliesr pi + (1 —7)w| = rwr + (1—)w|, hencepy = wr, which is not consistent with
7 € (0,1) and the tie-free condition of robustness. s

Inthe former caser piF+ (1— 7 )w| = p} so thatr = %{’L‘I anduj = (1-m)b) + (T wr+1—m)w| —p;)f =

R —w

S _ _nsSC
by + gslc%((wR — PO —by), whered < 1/2 is the fraction selling td . Now, if (% —by) > 0, thenu, is
R

_nSC
increasing inp; sol will set p} = pi¥ resulting inz = 1. If (% —by) <0, thenu) is decreasing i} so will
set plS =w) resulting inz = 0. Thus, in either case € {0, 1}.

The rest of the proof is as in the case of non-contingent offets.

Proofs for Sectior6.2

Theorem 6 The efficient contender wins in equilibrium except in the following regions of the parameter space.

1. If w) +b; > wr+bgr andbr > 2b;, thenR wins.
2. Ifw) +b) <wRr+br <w| +2b; andb; > bg, thenl wins.

Proof. The proof is like that of Theorerf. It follows from the subsequent characterization of equilibrium out-
comes and existence. By LemrA& and existencer € {0, 1}. PropositionsA5 andA6 preclude either =0orz =1
for all possible configurations of the parameters . For example, part 1 follows from Propddtjert (ii). ||

Before proving that in all equilibriar ¢ (0, 1), we present a result analogous to Lemf&showing that for our
purposes we can restrict attention to a subset of the strategy space.

Lemma A4. The equilibrium value ofr is unchanged if we restrict attention to the case where | makes only non-
contingent offers and R does not make both contingent and non-contingent offers for shares and R also does not make
both contingent and non-contingent offers for votes, ifexps = 0and g x pg =0.

Proof. The proof follows exactly the same lines as that of Lemi3a The only change is that if there is an
equilibrium in which| offers p/ > 0, we must show that there is an alternative equilibrium in wip¥h= 0. This
follows since instead of offering(, I could offer p} = (1— ) p}®. When offeringp|’°, the pay-offs to shareholders
tendering votes td conditionally would be1— ) p‘|’°+ (1—r)w| + rwR and the pay-off td would be(1—z)b; +
6(1—m)(—p}®), whered e [0,1/2]is the fraction of shares tendereditdwith p = (1—x) p)®, the same outcome will
continue to be an equilibrium of the tendering subgame. This is because given the,shose tendering tb and those
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who do not will receive the same pay-off ahi pay-off will be (1— )b +60(—py) = 1—7z)b; +0(1—7)(—pj9
just as before. ||

Lemma A5. With conditional (but unrestricted) offers for shares and votes, there is no equilibrium in which | and R
both have a strictly positive probability of winning, i.e. there is no equilibrium with (0, 1).

Proof. Forxz € (0, 1), it must be that shareholders tender shares to one contender and votes to the other.

The tendering of non-contingent shares both tand toR is precluded by the tie-free part of the robustness.
Tendering of non-contingent sharesitand contingent shares ®is precluded by the following argument. If this were
the case, we would havep’ + (1—z)w| = p}. It may not be thatpf’ = w; = pj since then the tie-free part of
the robustness would rule out tendering to both. So, it has to be either p} < pg or wy > p} > pg. But both
of these cases are ruled out by the Pareto domination part of the robustness requirement. In the first case, the putative
equilibrium outcome in the tendering subgame is Pareto dominated by all tendefthghéh is a strict equilibrium
in the tendering subgame (note th%C > wR or else there will be no tendering ®in the first place). Consider then
the second case and(45, f) as required by the robustness conditionp\ﬁ > p‘,’{, then the equilibrium where all
shareholders tender votesltds a strict equilibrium that Pareto dominates the original outcamié p‘,’{ > p‘l’s, then it
must be thapSF‘aC > wg as otherwise it is not an equilibrium for shareholders to sell shar@atoselling votes t& yields
more @ p+ (1—7)w| < rwr+(1—7)w| + pR). But thenl s profits are%(n-wR +(Q-m)w))— % p; +(1—m)b
which equals%n(wR — pY) + (L —=)by (by substitutingr piF+ (1— 7 )w| = p;) which is decreasing ir in which
case the optimaqblS is equal tow| whereuporr = 0.

The same type of arguments rule out the sale of votes tolbatid R.

Finally, there cannot be an equilibrium with € (0, 1) in which some shareholders tender Roand some do
not tender at all. The impossibility of some not tendering and some tendering shares for non-contingent prices was
demonstrated in Lemnih That they cannot be indifferent between selling votes at non-contingent or contingent prices
and not tendering is obvious. The possibility of some tendering to a contingent offéeahy some not tendering when
pCRS = wR is ruled our by the tie-free part of the robustness requirement.

Given that w.l.o.g. contenders neither make both a conditional and an unconditional offer for shares nor make
both conditional and unconditional offers for votes, the preceding discussion implies that(®, 1), then one of the
following must hold:

. np}s?c-i- Ql-n)w) =rwr+1A—7)w +p‘|’.

. npSRC+(l—7r)w| =rwr+ {1 —7)w| +(l—7r)p‘|'c.
. pSR:an+(1—7r)w| +p\|'.

. PR=mwr+A—-m)w +(1A—x)p°.

. TpR +rwr+(1—7)w) = p}.

. apR +rwr+A—m)w; = (1—7)p{°+rwR.

. PR+rwr+ A —m)w = p}.

. PrFHrwr+@—mw) =1-7)p+rwR.

o N o g b~ W N R

We consider these cases next. For Cases 1-4, as in Lérhnifaw| > wR, then in the tendering subgame the strict
equilibrium in which all tender td (which one can easily verifis an equilibrium of the tendering subgame when the
relevant equality conditionin 1, 2, 3, or 4 is satisfied) Pareto dominates for shareholders any equilibrium of the tendering
subgame withr € (0, 1). So the robustness requirement implies that (0, 1). Hence, in 1-4 we only consider the case
w| < WR.

@) If p'f'qC > wR + p‘l’, then all sell toR by the Pareto undomination part of the robustness requirement.
If p¥ < wr+ p{, then the only equilibrium of the tendering subgame is for all to sdll téence, ifpfy # wr+
p/, we haver ¢ (0,1). In the casep¥ = wr+ P/, the tie-free part of the robustness implies
7 &(0,1).

(i) Given any equilibrium of this type with some € (0,1), we can construct an equilibrium of Type 1 with
p‘l’ =(1- 7r)p‘|’c since then pay-offs to shareholders and tand R are the same. Since no equilibrium of
Type 1 withz € (0,1) exists, the same conclusion applies to equilibria of Type 2. (There is also a simple
direct argumentpSRc > wR since otherwise no one sells R Sincewr > w), all selling to R—which is an
equilibrium of the tendering subgame—is better than any pay-offavigh0, 1), so by the Pareto undomination
part of the robustness requiremeng (0, 1). The case of € (0, 1) arising due tq)‘EC: wR is ruled out by the
tie-free part of the robustness requirement.



224 REVIEW OF ECONOMIC STUDIES

(iii) This situation is identical to the case studied in Lemfdaof = e (0, 1) without conditional offers and therefore
is not feasible forr € (0, 1).

(iv) The same argument as in Case 2, but applied to Case 3, implies that there is no equilibriumewihl) in
Case 4.

We turn now to Cases 5-8. As discussed in LenMawgr > w| implies that the Pareto undomination part of the
robustness requirement selects the equilibrium in the tendering subgame where allRseéicdave consider
w| > WR.

(v) Assume there is an interior solution fer(otherwise we are done with this step).

If p? <wr+ Py, then all selling toR is the only equilibrium outcome of the tendering subgame that survives
the Pareto undomination part of the robustness requirement.

If p¥ > wr+ p then since we are assuming th(zre is an interior solutiom fave must also have > py

(by the equality in condition 5). Then = ﬁflp;‘ﬂTR andu; = (1—7n)b) + (rwr+ (1 —7)w| — pf')b‘
=A-x)b — np‘,’{&, wheref < 1/2 is the fractign of conditional votes purchasedlby his is decreasing in

7 and hence increasing mf So the optimal solution for is atz = 0.

If p? =wRr+ py, then by the tie-free part of the robustness requiremeg{(0, 1).

(vi) The argument in the proof of Lemnf implies that we can assume w.l.0.g. thadoes not make conditional
price offers. Hence, the proof in part 5 applies to this case. (There is also a simple direct argpifnent
since otherwise no one sells to Sincew| > wR, all selling tol—which is an equilibrium in the tendering
subgame—is better than any pay-off withe (0, 1), so, if plsc > w), by the Pareto undomination part of the
robustness requirement refinemeng (0, 1). The casqof'cz w) andz € (0, 1) is ruled out by the tie-free part
of the robustness requirement.)

(vii) This is the same as in the unconditional analysis of LenAtha

(viii) The argument in the proof of LemmaA4 again implies that we can assume w.l.0.g. thatoes not make
conditional price offers. Hence, the proof in part 7 applies to this case. (There is also a simple direct argument:
If pf°> w) + pk, then all sell tol by the Pareto undomination part of the robustness requiremepi’ i
w] + Pk, then the only equilibrium in the tendering subgame is for all to se.telence, ifpf® £ w + pg, we
haver ¢ (0,1). The case of € (0, 1) due to p|5°= w) + p‘,{e is ruled out by the tie-free part of the robustness
requirement.) ||

Proposition A5. If (i) wr+br > w| +2by or (i) bg > 2b; or (iii) both w; +b; < wr+br < w| +2b; and either
w| > wR orb; <bgr < 2by, then | cannot win in any equilibrium.

Proof. The proof of parts (i) and (ii) exactly mimics parts A and B in the proof of Proposiibnexcept that in
addition to considering responding withp)’ or p}, we also allow for responses o} and pj°. That is,z = 0 cannot
arise in equilibrium sinc® can open witl”psé e (max{w| +2b;, wr}, wr+bR) if condition (i) of the proposition holds
or with p‘,’? > 2b; if condition (ii) of the proposition holds.

That against the former an offer pfc that wins with positive probability is not profitable holds for the same reason
that an offer ofplS that wins with positive probability is not profitable. That an offerpq‘lc that wins with positive
probaibility is not profitable holds since whel®+w| > p if | wins thenl has losses becaug¥® > pg —w| > 2by,
while if p/®+w) < p}all selltoR.

Against p\éz > 2b; again it is clearly unprofitable fof to win with an offer of p‘l’C just as with an offer of
tp‘l’.RAn offer of pi® > w| + pg and | winning results inl having losses, whilg;® < w| + p} results in all selling
oR.

Similarly, the proof for part (iii) mimics part C in the proof of Propositiéd. To be comprehensive, we repeat
it here and note that the same arguments work whatso can respond witip\® and piC. If w| > wg, it cannot be
thatz = 0. If R offers psé € (w] +by,wr+bg), thenl has no profitable counter-offer aritl has profits. To see
that | has no profitable counter-offer, first note thaft > p§, can only lead to losses, and the same holdspftt (If
plS = psR and| wins profitably, then some, but not all, shareholders sell,tbut this is ruled out by the tie-free part
of the robustness requirement.)df < pg —w, thenz = 1. If p{ > p} —w, then all shareholders tender taand
up =by —p) <bj +w| — pg <0. (f p = pg—w| andl wins profitably, then some, but not all, shareholders sell to
I, but this is ruled out by the tie-free part of the robustness requirement.) The same hqm“s for

If wr > w), then it cannot be that = 0. If R offers p§ € (bj,br), thenl has no profitable counter-offer ari
has profits. To see thathas no profitable counter-offer, first note tm¥tz p‘,f-{ and| winning can only lead to losses
for I, and the same fqo‘l’c. If p} < wRr+ Pk, then (due to the Pareto undomination part of the robustness requirement)
| loses. Ifp} > wr+ pl, then all shareholders sell toand| has losses, and the same holdsgf. (If pf = wr+ PR
and | wins profitably, then some, but not all, shareholders sell,tbut this is ruled out by the tie-free part of the
robustness requirement.) ||
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Proposition A6. If wr+bgr <w| +b; and by < 2b; orbgr <b; andwr +bgr < w| +2b;, then R cannot win.

Proof. The proof mimics that of Propositioh2. The only difference is thaR may open withp)y’ > by . In this
case, setting} = w + p§s (analogous to the behaviour afte}, > by ) is not profitable forl as due to the contingent
nature ofR’s offer, all will tender tol . However, we have th ‘l’?c < bR (since otherwise iR wins with probability 1,
thenR has losses), and thenlifsetsplS just abovewr + p‘{f, everyone sells td and this is profitable td. ||

RemarkAl. The parameter regions considered in PropositimandA6 include all possible configurations, but they
are not a partition of the parameter spazg, (i) and (ii) of PropositionA5 overlap.
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