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Abstract

Foundations for iterated admissibility (i.e., the iterated removal of weakly dominated strategies) need
to confront a fundamental challenge. On the one hand, admissibility requires that a player consider every
strategy of their opponents possible. On the other hand, reasoning that the opponents are rational requires
ruling out certain strategies. Brandenburger, Friedenberg, Keisler’s (BFK, Econometrica, 2008) foundations
for iterated admissibility address this challenge with two ingredients: lexicographic beliefs and the concept
of “assumption.” However, BFK restrict attention to lexicographic beliefs whose supports are essentially
disjoint. This restriction does not have a compelling behavioral rationale, or a clear intuitive interpretation.
At the same time, it plays a crucial role in BFK’s foundations for iterated admissibility—specifically, in
their analysis of assumption. We provide an alternate characterization of assumption, which applies to all
lexicographic beliefs. We also characterize two variants of assumption, based on two extensions of ‘weak
dominance’ to infinite state spaces. These notions of assumption coincide with BFK’s notion when the
state space is finite and lexicographic beliefs have disjoint support; but they are different in more general
settings. Leveraging these characterization results, we show that disjoint supports do not play a role in the
foundations for iterated admissibility.
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1. Introduction

Lexicographic beliefs (henceforth £-beliefs) have become a relatively standard tool, both for
studying refinements and for providing epistemic characterizations of solution concepts.' The
appeal of £-beliefs is that they can be used to address a tension between being certain that an
opponent is rational and having full-support beliefs about opponents’ actions. To clarify, suppose
that, if Bob is rational, he will not play specific actions. Can Ann be certain that Bob is rational,
and at the same time be cautious and assign non-zero probability to all of Bob’s actions? The
answer is no if Ann has standard probabilistic beliefs. Suppose instead that Ann has £-beliefs.
That is, she has a vector (uo, ..., un—1) of probabilities over the relevant space of uncertainty,
Sp (Bob’s strategy space) and uses them lexicographically to determine her preferences over her
own strategies: Ann first ranks her strategies using wg; if that leads to more than one best reply
for Ann, she uses 1t to rank them, and so on. If the union of the supports of the probabilities u;
is all of Sp, then Ann’s beliefs have, in a sense, full support. At the same time, Ann can still be
confident in Bob’s rationality, for example in the sense that the primary hypothesis 1o assigns
positive probability only to strategies of Bob that are rational.

There are two notions of £-beliefs that have been studied and used in the literature: lexi-
cographic conditional probability systems (henceforth LCPSs) in which, loosely speaking, the
supports of the different beliefs (i.e., the w;’s) are disjoint, and the more general class of lex-
icographic probability systems (LPSs) in which this disjointedness condition is not imposed.
In particular, LCPSs are used by Brandenburger et al. (2008, henceforth, BFK) to provide an
epistemic characterization of iterated admissibility—thereby answering a long-standing open
question.’

However, there are reasons not to find the restriction to LCPSs appealing. First, while Blume
et al. (1991b) provide an axiom that characterizes LCPSs within the class of LPSs, their axiom
has a flavor of reverse-engineering: it says no more than the probabilities in the LPS have disjoint
support; it offers no further normative or other appeal. Indeed, the interpretation of LPSs is quite
natural and intuitive. The probability pq is the player’s primary hypothesis, in the sense that she
is (almost fully) confident in it. The probability w; is her secondary hypothesis: she is willing to
entertain it as an alternative, but considers it “infinitely” less plausible than w¢; and so on. There
is no reason that primary and secondary hypotheses must have disjoint supports. For instance,
one may be confident that a coin is fair, but entertain the secondary hypothesis that it is biased
towards falling on heads.? Second, the marginal of an LCPS need not be an LCPS. For example,
suppose that two players are playing the game in Fig. 1, where the pairs of actions A, B for

1 See, for example, Blume et al. (1991a), Brandenburger (1992), Stahl (1995), Mailath et al. (1997), Rajan (1998),
Asheim (2002), Govindan and Klumpp (2003), Brandenburger et al. (2008), Keisler and Lee (2010), Lee (2016), Yang
(2015), and Catonini and De Vito (2014) amongst many others.

2 To be more precise: BFK provide an epistemic characterization of m rounds of deleting inadmissible strategies, for
any finite m. Their epistemic conditions involve finite-order reasoning. However, they show an “impossibility result” for
common reasoning—that is, common reasoning is impossible in their model.

3 Of course one may instead have the secondary hypothesis that the coin will fall on an edge, which would have disjoint
support, but that does not seem like the only story one could tell.
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B C

A L1 | 1,-1 | -2,3
B | 1,-1| —1,1 | —4 -4
C |3 -2 | -4, -4 | —4,-4

Fig. 1. The marginal of an LCPS may not be an LCPS.

each constitute a zero-sum matching pennies game, (A, C) and (C, A) give (—2,3) and (3, —2)
respectively and anything else gives (—4, —4). Consider the £-belief over this game where (g
is that the players are playing the equilibrium of the matching pennies game while p; is that
they are playing the Pareto superior outcome that requires correlation of (A, C) and (C, A) with
probability one half each. The beliefs on the joint action space are clearly an LCPS, but the
marginal on one player’s actions has the first belief being that A and B are equally likely while
the second belief is that A and C are equally likely, which is clearly not an LCPS. Thus, if one
takes a small-worlds approach in which the beliefs we use to study a particular game are the
marginals of some belief on a larger space, then the beliefs in the game need not be an LCPS
(even if one requires that the overall belief be an LCPS). For these reasons we find LPSs more
suitable for the study of refinements than LCPSs.

This raises the question of whether BFK’s characterization of iterated admissibility (IA) re-
quires the use of LCPSs. We show that it does not: There is an analogue of BFK’s characterization
of IA for the more general notion of LPSs.* As we will discuss below, this result is important for
evaluating the epistemic foundations of IA. Showing the result requires two steps.

First, BFK define what it means for one player to “be certain” that another is rational. A key
feature of their approach is that they do so in terms of the player’s preferences. This decision-
theoretic approach is analogous to that taken in Morris (1997) and, more recently, Asheim and
Se@vik (2005). One advantage is that such preference-based definitions can be evaluated on their
own merits, independently of the (arbitrary) choice of a particular representation.

BFK introduce the notion of “assumption.” An event E is assumed if it is “infinitely more
likely” than its complement. They formalize assumption as a requirement on preferences. When
the state space is finite and beliefs have full support, the requirement can be stated as:

(*) whenever a player prefers an act x to an act y conditional on E (loosely speaking, if
she were to be informed of E), she also prefers x to y unconditionally (i.e., without this
information).?

In the usual case where the player has one level of beliefs, this corresponds exactly to probability-
1 belief. (See Section 3.1 for precise statements.) BFK show that, with LCPS beliefs, condition
(*) is (essentially) equivalent to the following:

there is a belief level j such that:
(BFK-i) foralli < j we have u; (E) =1 and
(BFK-ii) forall i > j we have u; (E) =0.

However, the equivalence between the preference-based condition (*) and its £-belief coun-
terpart, conditions (BFK-i) and (BFK-ii), only holds if the player’s beliefs are represented by

4 In fact, we show that each of BFK’s three main results all hold for the more general notion of LPSs.
5 We emphasize that, as in Savage, there is no real “information” in our static setting; this is just suggestive language.
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an LCPS. We illustrate this in Examples 3.1-3.2, which also show that the problem lies with
condition (BFK-ii) above.

Therefore, to state an analogue of BFK’s epistemic conditions with unrestricted beliefs, it is
necessary to first characterize condition (¥) for general LPSs. Our main result, Theorem 3.2, does
just that. It provides the precise weakening of condition (BFK-ii) required for the equivalence.
The key idea is that condition (BFK-ii) implies:

(1) the payoffs at states in E “do not matter” as far as the probabilities of level greater than
j are concerned; that is, the ranking of acts by probabilities above j are unaffected by the
payoffs at states in E.

However, there is another way in which (§) can hold: if, for k > j, the restriction of uj to E is a
linear combination of the lower-level probabilities i, . .., @ ;. With LCPSs, we need not worry
about this possibility, since the supports of i, ..., i, ix must be disjoint. But if we drop the
disjointness requirement, we need to allow for this possibility.

Second, BFK provide an epistemic characterization of IA (and self-admissible sets, or SASs;
see Definition 6.4), using the LCPS formulation of assumption, i.e., conditions (BFK-i) and
(BFK-ii). We show that, when players’ beliefs are represented by unrestricted LPSs, the very
same epistemic conditions continue to characterize IA (and SASs), provided we use our LPS
formulation of assumption.®

Note that we allow players to hold a larger set of beliefs than do BFK. This immediately
implies that more strategies are consistent with rationality, as there are more beliefs to justify a
given strategy. However, as BFK point out, allowing more beliefs may lead to fewer strategies
being consistent with rationality and mutual assumption thereof. (This is because assumption is
non-monotonic, i.e., a set can be assumed even though a larger set is not assumed.) Despite these
two opposing forces, our analysis still gives an epistemic characterization of SASs (Theorem 6.1)
and IA (Theorem 6.2). It also retains BFK’s so-called impossibility theorem (Theorem 6.3).

Our result addresses a tension in BFK’s analysis. In particular, a key ingredient in their epis-
temic characterization of IA is a “completeness” requirement: the analysis takes place in a type
structure that represents every possible belief about the opponent’s strategies and beliefs. But, be-
cause they restrict attention to LCPSs, BFK’s completeness requirement is that the type structure
represents every possible LCPS belief. However, since the marginal of an LCPS need not be an
LCPS, players can have first-order beliefs (about the strategies played) which are not LCPSs. In
fact, BFK show that, for the purposes of providing an epistemic characterization of IA, the type
structure must include first-order beliefs that are non-LCPSs. This leads to a tension: On the one
hand, BFK’s analysis insists on LCPS beliefs on the full space of uncertainty; on the other hand,
their analysis requires inclusion of non-LCPS beliefs on the first-order space of uncertainty (i.e.,
on the strategies of the opponent). Our Theorem 6.2 resolves this tension by considering type
structures that represent all possible LPS beliefs—not just LCPS beliefs.

The preceding informal discussion imposed two implicit restrictions—that the state space was
finite and that beliefs have full support. However, BFK’s epistemic conditions for iterated admis-
sibility requires a “complete type structure,” which induces an uncountable state space. (See
Section 6.) Thus, when we turn to the formal analysis, it is important to consider uncountable

6 The proofs of these epistemic results follow BFK closely; the only significant modification is in establishing measur-
ability. See the Appendix.
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state spaces. This requires care: Condition (*) defines assumption for a finite state space and
full-support beliefs. As BFK observe, for uncountable state spaces, it is no longer a suitable defi-
nition of assumption, even if there are full-support beliefs. (Correspondingly, conditions (BFK-i)
and (BFK-ii) do not characterize assumption on uncountable state spaces, even for full-support
LCPSs. See BFK’s Supplemental Appendix S.1, where they discuss this point.) Because our
analysis accommodates arbitrary (uncountable) state spaces and we do not require full-support
beliefs, we will need to follow BFK in modifying Condition (*).”

Return to the introductory case, in which the state space is finite and beliefs are represented
by full-support LCPSs. There, condition (*) has an alternative, equivalent, formulation:

(**) whenever an act x weakly dominates y on E (i.e., x is at least as good as y in every state
in E, and strictly better at some state in E), the player prefers x to y unconditionally.

Condition (**) was proposed by Asheim and Dufwenberg (2003).® It can be seen as a variant
of assumption. Asheim and Sgvik (2005) established the aforementioned equivalence between
conditions (*) and (**). However, these conditions are not equivalent for LPSs, even if the state
space is finite (Example 4.2).

This raises the question of whether (**) can be used to provide an epistemic characterization
of IA. A central challenge in addressing the question is extending (**) to arbitrary state spaces—
specifically, extending the notion of weak dominance to arbitrary state spaces. We consider two
such extensions; see Section 4.1 for details. We provide an LPS-based characterization of these
versions of assumption (Theorem 4.1). We show that either variant can be used to provide an
epistemic characterization of IA (Theorem 6.2). Moreover, BFK’s impossibility theorem is re-
tained under both variants (Theorem 6.3).

Section 2 introduces the framework. Section 3 reviews the definition of assumption and BFK’s
characterization for LCPSs (Section 3.1), motivates the modifications needed for LPSs (Sec-
tion 3.2), and provides the behavioral characterization thereof (Section 3.3). Section 4 provides
two definitions of weak dominance for arbitrary state spaces (Section 4.1), uses them to extend
(**) (Section 4.2), and provides the characterizations thereof (Section 4.3). Section 5 provides
the proofs of the characterization theorems. Section 6 applies these results to the epistemic char-
acterizations of iterated admissibility and SASs. Section 7 discusses the closely related work of
Lee (2013) and Lee (2016). The Appendix provides proofs not included in the body.

2. Preliminaries

Let (2, S) be a Polish space, where S is the Borel o-algebra on 2. We call the elements of S
“Borel sets” or “events.” Write P(£2) for the set of probability measures on €2 and endow P(£2)
with the topology of weak convergence, so that it is also a Polish space.

Denote by >L the lexicographic order on R”. That is, given vectors u = (ug, ..., uy—1) and
v=(vg,...,Un_1)in R", u >L v if and only if u; < v; implies uy > vy for some k < j.

A lexicographic probability system (LPS) on 2 will be some ¢ = (g, ..., Un—1) Where
each u; € P(). Call an LPS ¢ = (uo, ..., un—1) a lexicographic conditional probability
system (LCPS) if there are Borel sets Uy, . .., U,—1 such that, for all i, u; (U;) = 1 and u ; (U;) =

7 We thank an anonymous referee for suggesting that we drop the full-support requirement.
8 We thank an anonymous referee for suggesting studying (**) in the context of BFK’s epistemic analysis.
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Ofor j#i .2 Notice that, if € is finite, this simply requires that the measures uo, ..., ty—1 have
disjoint supports. An LPS o = (uo, - . ., itn) has full support if U;:ol supp i = .

Let A be the set of all measurable functions from €2 to [0, 1]. A particular function x € A is
an act. For ¢ € [0, 1], write ¢ for the constant act associated with c, i.e. _c)(Q) ={c}. Given acts
x,z € Aand a Borel subset E in 2, write (xg, zo\£) for the act y € A with

x(w) ifwekE

y(@) = {z(w) if e Q\E.

When Q2 = {wg, w1, ..., wg}, write (xg, X1, ..., xg) for an act x with x(wy) = x¢. In this case,
we also write = (u(wp), u(wy), ..., u(wg)) for some u € P(Q).
Given an LPS o = (uo, ..., 4n—1) on 2, define a preference relation -° on A where x =% y
if and only if
n—1 n—1
/ x(@)dpi(@) | =* / y(@)dp; (@)
Q i=0 Q i=0

Write > for the associated strict preference relation. Given a Borel set E, define the condi-
tional preference given E in the usual way, i.e., x 2% y if for some act z € A, (xg, zo\g) Z°
(yE. zo\E)- (Since 77 satisfies independence, the choice of the act z does not affect the condi-
tional preference relation.) Write > for the associated strict preference relation and ~ for the
associated indifference relation.

An event E is 2 -null if x ~“ y, for all x, y € A that coincide on Q\E (i.e., with x(w) =

y() for all w € Q\E). Equivalently, E is 227 -null if x ~% y for all x, y € A.

Remark 2.1. Fix some LPS 0 = (0, ..., 4n—1). A Borel set E is -7 -null if and only if u; (E) =
0 for all i.

Proof. If u;(E) =0 for each i, then x ~%, y. Conversely, if u; (E) > 0 for some i, then _1> ~%
—
0. O

3. BFK-assumption
3.1. Definition and LCPS-based characterization

BFK define assumption in terms of the preference relation ~~° associated with an LCPS o;
their definition equally applies to the case where o is an LPS. The informal idea is that an event E

is assumed if states in E “determine” strict preference.

Definition 3.1 (BFK, Definition A.3). Say a set E is BFK-assumed under -7 if E is Borel and
the following hold:

Non-Triviality: for each open set U, if E N U # @, then E N U is not 7% —null.

9 This terminology is due to Blume et al. (1991b), who define LCPSs for finite state spaces. The present definition is
Definition 4.1 in BFK.
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Strict Determination: for all x,y € A, x >% y implies x > y.

Non-Triviality states that every “part” of E is relevant, in the sense that it can potentially
determine strict preference. Strict Determination states that, if x is strictly preferred to y condi-
tional on E, then x is also unconditionally strictly preferred to y (regardless of the outcomes x
and y may deliver outside of E). Observe that Non-Triviality ensures that Strict Determination
does not hold vacuously. When the state space is finite, Non-Triviality holds if the LPS has full
support.

BFK provide the following characterization for LCPSs.

Theorem 3.1 (BFK, Proposition A.2 and Lemma B.1). Fix an LCPS o. A set E C Q is BFK-
assumed under 7=° if and only if it is Borel and there exists j € {0, ..., n — 1} such that

1) wi(E)=1foralli <],
(i) ui(E)=0foralli > j, and
(i) EC Uifj SUpp W;-

The remainder of this section discusses how to modify Conditions (i)—(iii) in order to obtain
an analog of Theorem 3.1, i.e., a characterization of BFK-assumption for LPSs. As discussed
in the Introduction, an alternative is to modify the notion of BFK-assumption. We discuss this
approach in Section 4.

3.2. From LCPSs to LPSs

We next explore the extent to which Theorem 3.1 holds for arbitrary LPSs. One direction
of this theorem holds for all LPSs: If there is some j that satisfies conditions (i)—(iii), then 2=
BFK-assumes E. This holds even if o does not have disjoint supports. However, the conditions
in Theorem 3.1 are not necessary for an event E to be BFK-assumed. In particular, we now argue
that the problem arises from Condition (ii).

Example 3.1 illustrates that, for LPSs, conditions (i) and (iii) do not suffice for BFK-
assumption. The remaining examples and observations in this subsection illustrate that, for LPSs,
BFK-assumption implies that Conditions (i) and (iii) must hold for some j, but (ii) may fail for
any such j. Thus (i) and (iii) are necessary but not sufficient. Since (i), (ii), and (iii) are jointly
sufficient, we are led to weaken (ii). (With this in mind the reader interested in getting to the
results can skip to Subsection 3.3.)

In this subsection we focus on finite state spaces, which is enough to illustrate these issues.
For LCPSs on finite state spaces Condition (ii) is redundant: if (iii) holds for some j then so
does (ii). Hence, for LCPSs, Condition (ii) only plays a role in infinite state spaces—that is, for
LCPSs on finite state spaces (i) and (iii) are equivalent to BFK-assumption. Hence, for LCPSs,
(i1) might be seen as a technicality. However, for LPSs, its weakening plays a substantive role
even for finite state spaces.

‘We now provide an outline of the remainder of this subsection. Example 3.1 shows that (i) and
(iii) are not sufficient for BFK-assumption; the next example (3.2) and observation (3.1) concern
a case where (i) and (iii) hold for j = 0, and in particular illustrate that if E is BFK-assumed
then wo(E) = 1. This is essentially Lemma 5.1, the first step in the proof of our main result. The
final example (3.3) and observation (3.2) illustrate more generally that (i) and (iii) must hold for
some j < n — 1, mirroring Lemmas 5.2 and 5.5.
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Example 3.1. Let Q = {wg, w(, w2} and consider the LPS o = (uo, 1, #2) such that pug =
(%, %,0), un1 =(0,0,1), and puy = (0, 1,0). Observe that o has full support, so no state is
2-%-null. Furthermore, o is not an LCPS.

The event E = {wp, w1} is not BFK-assumed under 2-°. Given acts x = (0,1,0) and y =
(1,0,1), x =% y and y > x. This contradicts Strict Determination.

Nevertheless, Conditions (i) and (iii) do hold for j = 0, because wo(E) = 1 and supp o =E.
Of course, Condition (ii) must fail for j =0, and indeed it does: u(E) > 0.

Notice that, if €2 is finite, o has full support, and E C €2, then Condition (i) can only hold
for some j <n — 1. (If j =n — 1 then, by (i), R = U;:Ol supp u; C E, a contradiction.) So, if
Conditions (i)—(iii) are to hold for some j, it must be the case that j <n — 1. However, we now
provide examples where BFK-assumption holds but Condition (ii) only holds for j =n — 1.'°
So, as discussed, to obtain a characterization of BFK-assumption for all LPSs, we will relax
Condition (ii).

Example 3.2. Take Q2 = {wg, w1} and E = {wp}. Consider an LPS o = (uo, 1) with puo =
(1,0) and g = (%, ). If x =) V> then x(wp) > y(wp), and so x = y. It follows that E is
BFK-assumed under 2-?. Note that Condition (i) holds only for j = 0, Condition (ii) holds only
for j =1, and Condition (iii) holds for both j = 0, 1. Thus, there is no single j for which all
three conditions hold. So one direction of BFK’s characterization fails. O

Observation 3.1. There is a natural generalization of Example 3.2, which is essentially the
proof of Lemma 5.1. As above, take 2 = {wg, w1} and E = {wg}. Then, for any LPS o =
(Ko, - -+, upn—1) on £, if the event E is BFK-assumed under 2Z%, then uo(E) = 1. To prove this
fact, suppose that E is BFK-assumed under =7, but uo(E) < 1. By Non-Triviality, £ = {wo}
is not 2Z?-null, so by Remark 2.1, u;(E) > 0 for some i =0,...,n — 1. Let x = (xp, 0), with
xo > 0;let y = (0, 1). Then x > y, but, since po({w1}) > 0, for x¢ sufficiently small, y > x.
This yields a contradiction.

To sum up, if E is BFK-assumed under =, Conditions (i) and (iii) hold for j = 0. How-
ever, Example 3.2 illustrated that Condition (ii) may fail to hold for j = 0; indeed it may only
hold—and trivially hold—for j =n—1. O

In Example 3.2, BFK-assumption implies that Conditions (i) and (iii) hold for j = 0. The
next example illustrates that, with more than two states, Conditions (i) and (iii) need not hold for
Jj = 0. However, these conditions will hold for some j > 0.

Example 3.3. Let Q = {wg, w1, w2} and E = {wy, w1}. Consider the LPS o = (ug, 11, 42) such
that o = (1,0,0), 1 = (%, %, 0) and o = (0, %, %). We claim that --° BFK-assumes E. Non-
Triviality holds because 2 is finite and o has full support. For Strict Determination, suppose
x =% y. It must be the case that x (wp) > y(wo); if not, y >% x. Hence there are two possibilities:
either (i) x(wg) > y(wp), or (ii) x(wp) = y(wp) and x(w;) > y(wy); if not, y ,ﬁ% x. In either
case, x > y, so =% BFK-assumes E. Notice that Conditions (i) and (iii) do not hold for j =0,
but do hold for j = 1. On the other hand, Condition (ii) holds only for j =2. O

10 Regardless of the event E, conditions (ii) and (iii) always hold trivially for j =n — 1. For any non-null E, (ii) holds
as well.
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We now extend this example to illustrate that BFK-assumption implies that (i) and (iii) must
hold for some ;.

Observation 3.2. Consider the following generalization of Example 3.3. Again, Q = {wq, w1, w2}
and E = {wg, w1}. We show that, for any full-support LPS ¢ = (i, ..., n—1) on €2, if the event
E is BFK-assumed under 777, then Conditions (i) and (iii) hold for some ;.

To prove this claim, note first that the argument given in Observation 3.1 implies that
wo(E) = 1. Furthermore, since E is BFK-assumed, Non-Triviality holds and implies that
wi({wo}) > 0 for some i =0,...,n — 1, and similarly p¢({w1}) > 0 for some (possibly dif-
ferent) £. We now argue that, if the support of 1o does not contain E—i.e., Condition (iii) fails
for j = 0—then 1 (E) = 1. For simplicity, let ©o({wo}) = 1. Now suppose that 1 (E) < 1. Con-
sider acts x, y such that x(wg) = y(wg) =0, x(w1) > 0 = y(w1), and x(w3) =0 < 1 = y(w»).
Then x i% y; however, foduo = x(wo) = y(wo) = fQ ydug but, for x(w;) sufficiently small,
Joxdum1 < [qydui, and so y > x. This violates Strict Determination. Hence, j1(E) = 1. If
uw1({w1}) > 0, then E is contained in the union of the supports of pg and 1, so Conditions (i)
and (iii) both hold for j = 1. Otherwise, we can repeat the argument to conclude that u,(E) = 1.
And so on. Since, as noted, Non-Triviality implies that ;¢ ({w;1}) > 0 for some £, we will eventu-
ally reach a j such that E is contained in U{:o supp u; . For this j, Conditions (i) and (iii) both
hold. O

To sum up, in Example 3.2, an event was assumed, but Condition (ii) failed. On the other
hand, Example 3.1 illustrates that Condition (ii) cannot simply be dropped. This leads us to
weaken Condition (ii) in order to characterize BFK-assumption.

3.3. LPS-based characterization

We provide our characterization of BFK-assumption for general LPSs. (The characterization
refers to an LPS o and not the preference relation 7-°.)

Definition 3.2. Fix an LPS 0 = (uo, ..., n—1). Say a set E C Q2 is BFK-assumed under o at
level j if E is Borel and

(i) wi(E)y=1foralli <j, |
(ii*) for each k > j, there exists (otg, cee alj‘.) € R/*! so that, for each Borel F C E, ux(F) =
g e i (F),
(i) E < Uisj Supp i; .

Say a set E C Q2 is BFK-assumed under o if it is BFK-assumed under o at some level j.

Conditions (i) and (iii) in Definition 3.2 are Conditions (i) and (iii) in Theorem 3.1; Condi-
tion (ii*) is the required weakening of Condition (ii) therein.

Observe that Condition (ii) in Theorem 3.1 implies Condition (ii*) by taking (oc'é, cees alj‘.) =
(0, ...,0). Second, when ¢ is an LCPS, Condition (ii*) implies (ii); hence, for LCPSs, these con-
ditions are equivalent. To see this, suppose that (ii) fails. Then there is k > j such that u;(E) > 0.
Since o is an LCPS, there is a Borel Uy such that ux(Ux) = 1 and w;(Ux) = 0 for all i # k.
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Therefore, F = E N Uy C E is Borel and ux(F) = uix(E) > 0. Moreover, u;(F) < ui(Uy) =0
for all i # k, so (i1¥) fails.

Theorem 3.2. Fix an LPS o. A set E C Q is BFK-assumed under 7-° if and only it is BFK-
assumed under o.

To understand the intuition, it will be useful to recall the following fact from Blume et
al. (1991b, Theorem 3.1): Fix an LPS o = (uo, ..., tn—1). If w; is a linear combination of
(o, ..., pi—1), then o’ = (o, ..., i—1, Mit1s---> Mn_1) Tepresents the same lexicographic
preferences, i.e., t":t"/. That is, u; is irrelevant for determining preference.

A similar idea applies to conditional preferences. Fix an LPS o = (uo, ..., tn—1) and con-
sider the conditional preference =% Recall, x 7% y if and only if (xg, zo\£) Z% (VE, ZQ\E)-
Thus, if the restriction of u; to (Borel sets in) E is a linear combination of the restrictions of
o, - - -, i—1 to (Borel sets in) E, then the measure does not affect the ranking of x 2%, y, i.e.,
i%=i%, where o’ = (o, ..., i—1, Mi+1s---> Mn—1). This is precisely the content of Condi-
tion (ii*). Specifically, Condition (ii*) requires that, when i > j, the measure w; is irrelevant for
determining the conditional preference given E.

We next apply this result to Examples 3.1 and 3.3.

Example 3.4 (Example 3.1, Continued). Here, E = {wp, w1} is not BFK-assumed under 7°.
Conditions (i) and (iii) hold only for j = 0. However, Condition (ii*) fails for j = 0: since
wo(wo) = no(wy) = % and @1 (wg) = w1(wy) = 0, there are no ozg, ozf such that ps(wg) =0 =

adpo(wo) + a1 (wo) and pa (1) = 1= o po(wr) +aimi (). O

Example 3.5 (Example 3.3, Continued). Here, 7-° BFK-assumes E = {wg, w1} and Condi-
tions (i) and (iii) hold (only) for j = 1. To see that Condition (ii*) also holds for j = 1, take
(2. a?) = (—4%, 1) and notice that 4o (F) = —puo(F) + pu1 (F) for all F  {wo, o1}

Notice that this example also demonstrates that, in Definition 3.2 we cannot replace linear
combinations with convex combinations. There is no ozg, ocf >0, so that wo(F) = ozgy,o(F ) +

a%ul(F) forall F C{wg, w1}. O

There is no redundancy in our characterization result. Example 3.4 illustrates that Condi-
tions (i) and (iii) alone do not imply BFK-assumption. Conditions (i) and (ii*) alone are also not
sufficient. BFK’s Supplemental Appendix S.1 shows that, when €2 is uncountable, a full-support
LCPS o may satisfy these conditions for some event E even though the preference relation 2=
does not assume E. Obviously, (ii*) and (iii) alone do not imply BFK-assumption either: consider
a one-level LPS with full support on a finite 2 and any E C .

4. Alternative notions of assumption
4.1. Weak dominance on infinite state spaces

Asheim and Sgvik (2005) restrict attention to full support LCPSs on a finite state space and
provide an alternate preference-based characterization of assumption. Their alternate charac-
terization is based on what Asheim and Dufwenberg (2003) term “full belief.” The basic idea
is condition (**) in the Introduction: whenever an act x weakly dominates y on E, the player
prefers x to y unconditionally. To adapt this approach to arbitrary (i.e., uncountable) state spaces,
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we must specify what it means for x to weakly dominate y on E. We consider two possible def-
initions.

Definition 4.1. Say x P-weakly dominates y on E if

(a) x(w) > y(w) forall w € E, and
(b) there exists some Borel F C E not 2Z°-null so that x (w) > y(w) forall w € F.

Definition 4.2. Say x T-weakly dominates y on E if

(a) x(w) > y(w) forall w € E, and
(b) there exists some open set U such that U N E # @ and x(w) > y(w) forallw e U N E.

If x P-weakly dominates y on E, we write x PWD‘;: y; if x T-weakly dominates y on E, we
write x TWDg y.

In both definitions, condition (b) requires strict preference on a subset of E that is “signif-
icant.” P-weak dominance employs a Preference-based notion of significance, while T-weak
dominance instead invokes a Topological notion. These two definitions coincide with the usual
notion of weak dominance on finite state spaces.

Observation 4.1. Let 2 be finite and consider £ C 2 and acts x, y € A.

e x T-weakly dominates y on E if and only if x weakly dominates y on E.
e If the support of ¢ contains E (in particular, if o has full support), then x P-weakly domi-
nates y on E if and only if x weakly dominates y on E.

To see this, recall that, if the state space is finite, every point is open. This immediately gives
the first statement. Moreover, if every point of E is in the support of o, then every such point is
not 2-? -null, and the second statement follows.

Definitions 4.1 and 4.2 do not coincide, as the next example shows.

Example 4.1. Let 2 = [0, 1] and E = [0, 1), and consider the LCPS o = (uo, 141, 12), where o
is the uniform measure on [0, 1], 1 is the Dirac measure on w = 1, and ., is the Dirac measure
onw=0.

Consider the acts x,y € A such that x(0) = 1, x(w) = 0 for all w € (0, 1], y(1) = 1, and
y(w) =0 for all w € [0, 1). Then x P-weakly dominates y on E: the event F = {0} C [0,1) = E
is not 2Z%-null and x (0) > y(0). However, x does not T-weakly dominate y, because for any open
set U such that U N E # @, there is w € U N E such that x (w) = y(w) = 0.

P-weak dominance has a natural behavioral interpretation: x must be strictly better than y
on a set F that is subjectively meaningful to the player. By way of contrast, T-weak dominance
requires that x be strictly better than y on a topologically non-trivial set. On the other hand, we
shall see that T-weak dominance leads to a version of assumption that admits a simpler charac-
terization in terms of LPSs.
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Table 1
Different notions of assumption.
G e = (Obs. 4.2) = (Obs. 4.3)
eneral L-ase < (Bx. 4.2) < (Ex. 4.3)
. BFK- = (Obs. 4.2) PWD- TWD-
. 4.1 .
Finite £ assumption < (Ex. 4.2) assumption  (Obs ) assumption
= (Obs. 4.3)
LCPSs < (Prop. 4.1) & (Ex. 4.3)

4.2. Weak-dominance assumption
We can now extend Asheim and Dufwenberg (2003)’s full belief to uncountable state spaces.

Definition 4.3. Say a set E is P-weak dominance assumed (PWD-assumed) under -° if E is
Borel, and Non-Triviality as well as the following hold:

PWD Determination: for all x, y € A, x PWD% y implies x > y.

Definition 4.4. Say a set E is T-weak-dominance assumed (TWD-assumed) under ~—° if E is
Borel, and Non-Triviality as well as the following hold:

TWD Determination: forall x, y € A, x TWDg y implies x > y.

We view BFK-assumption, PWD-assumption, and TWD-assumption as different manifesta-
tions of the same intuitive idea. With this in mind, we use the term assumption when we discuss
properties that hold for, or are implied by all three notions. The remainder of this subsection
discusses the precise relationship among these three notions. It is summarized in Table 1.

Observation 4.2. If E is BFK-assumed, it is also PWD-assumed. This follows because, if
xPWD‘}’; v, then surely x >‘]’; y; hence, if Strict Determination holds for £, PWD Determina-
tion holds as well.

However, the converse need not hold, as the following example demonstrates.
Example 4.2 (Example 3.1, continued). Recall that the event E is not BFK-assumed under ~°.
However, E is PWD-assumed under 2Z°. Non-triviality holds because €2 is finite and o has full
support. Suppose that x PWD% y. Then x(wp) > y(wp) and x(w1) > y(w1), with at least one
strict inequality. In either case x > y. Thus, PWD Determination holds.

Despite this difference, BFK-assumption and PWD-assumption coincide for LCPSs

Proposition 4.1. Fix an LCPS o. An event E is BFK-assumed under =° if and only if it is
PWD-assumed under =° .
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This result follows from Theorems 3.2 and 4.1. It extends a result by Asheim and Sgvik
(2005) from finite to infinite state spaces. Since BFK restrict attention to LCPSs, this equivalence
implies that their epistemic analyses and results have an alternate preference-based interpretation
that builds upon PWD-assumption.'!

Now turn to PWD- and TWD-assumption.

Observation 4.3. If E is PWD-assumed, then it is TWD-assumed. To see this, note that, if
Non-Triviality holds, then x TWDg y implies x PWD¢, y. (Let U be an open set such that U N
E # () and x(w) > y(w) for all ® € U N E, and observe that, by Non-Triviality, U N E is not
2~%-null.) Therefore, PWD Determination implies TWD Determination under Non-Triviality.

However, the converse need not hold, even for LCPS beliefs.

Example 4.3 (Continuation of Example 4.1). Recall that o is an LCPS. We saw that x PWDY, y;
however, x < y, so PWD Determination fails. We now show that, nonetheless, E satisfies TWD
Determination. Consider arbitrary acts x, y € A such that x TWDg y. Then there is an open U
such that U N E # @ and x(w) > y(w) for all w € U N E. Since U is open and E = [0, 1), there
ise>0andanw e UNE suchthat V= (w,w+€¢) CUNE. Since Visopenand VN E #
@, by Non-Triviality and Remark 2.1, u;(V) > 0 for some i = 0, 1, 2; but since V € (0, 1),
i =0. Finally, since V C U N E, x(w) > y(w) for all w € V. This implies that fQ (x —y)duo =
fE (x —y)duo > fv (x —y)duog > 0,s0 x =% y. Thus, TWD Determination holds.

Nonetheless, when the state space is finite, PWD-assumption and TWD-assumption coincide.
To see this, recall from Observation 4.1 that T-weak dominance on E coincides with P-weak
dominance on E, provided that the support of the LPS contains E. The key is that, when Non-
Triviality holds for E, the support of the LPS must contain E. Thus, under Non-Triviality, PWD-
and TWD-Determination coincide and so PWD- and TWD-assumption coincide. However, Ex-
ample 4.2 shows that, even with a finite state space, BFK-assumption is stronger than both.

By Proposition 4.1, the same Example shows that, even for LCPSs, BFK-assumption and
TWD-assumption need not coincide in uncountable state spaces.

4.3. LPS-based characterizations
We provide characterizations of PWD-assumption and TWD-assumption in terms of LPSs.

Definition 4.5. Fix an LPS o = (ug, ..., tn—1). A set E C Q is PWD-assumed under o at
level j if it is Borel and

(1) wi(E)y=1foralli <j,
(ii**) for each k > j and each Borel F C E, if ux(F) > 0, then there exists i < j with
wi(F) > 0.
(i) EC Uigj Supp K-

A set E C Q is PWD-assumed under o if it is PWD-assumed under o at some level j.

11" We thank an anonymous referee for proposing this conjecture.
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Like Condition (ii*), Condition (ii**) is an irrelevance requirement (cf. p. 964). However, the
former dictates that the measures (g, for k > j do not affect conditional preferences over any pair
of acts. On the other hand, Condition (ii**) is an irrelevance requirement that only directly ap-
plies to specific pairs of “betting” acts. In particular, fix some Borel F C E and (Winning_—)losing)

prizes w, £ € [0, 1] such that w > £. Consider the act (E)F, _E)Q\F) and the constant act £ . Con-
dition (ii**) requires that the ranking of these two acts is completely determined by the measures
1o, - .., i j. To see this, suppose first that u; (F) > 0 for some i < j: then (W F, 79\[:) =7 _E)
Suppose that instead w; (F) =0 for all i < j: then the Condition requires that also ux(F) =0

— — .
for k > j, and so (E)F, € o\r) ~° £ . Therefore, the measures 11, ..., 4,—1 are irrelevant

for determining the ranking of (E) F, —Z)Q\ F) VS. 7 However, they may well be relevant for the
ranking of other acts.

Definition 4.6. Fix an LPS o = (g, ..., n—1). A set E C Q is TWD-assumed under o at
level j if E is Borel and

() wi(E)=1foralli <j,
(111) E g Uifj Suppm,

A set E C Q is TWD-assumed under o if it is TWD-assumed under o at some level j.

Definition 4.6 does not have an analog to Conditions (ii), (ii*), or (ii**). However, Condi-
tions (i) and (iii) imply the following property:

(1i***) for each k > j and each open U, if uix (U N E) > 0, then there exists i < j with u; (U N
E) > 0.

Thus, the difference between TWD-assumption and PWD-assumption under o hinges on
whether the set F C E is Borel or relatively open. Indeed, the interpretation of (ii**) as an
irrelevance property applies to (ii*#*) as well, but it is restricted to sets F that are relatively
open, rather than just Borel.

Condition (ii*) immediately implies Condition (ii**), which trivially implies Condition (ii***).
Our characterization results, Theorems 3.2 and 4.1, together with Examples 3.2, 4.2 and 4.3,
show that the converse implications do not hold. That said, when o is an LCPS, Conditions (ii*)
and (ii**) are equivalent, and stronger than (ii***). The equivalence is established in the proof
of Proposition 4.1. The fact that (ii*) and (ii**) are stronger than (ii***) follows from our char-
acterization results and Example 4.3. Also, Conditions (ii**) and (ii***) coincide when the state
space is finite. This follows from Theorem 4.1 because in this case TWD- and PWD-assumption
coincide.

Theorem 4.1. Fix an LPS o.

(A) A set E C Q is PWD-assumed under =° if and only it is PWD-assumed under o.
(B) A set E C Q is TWD-assumed under =° if and only it is TWD-assumed under o.

There is no redundancy in Theorem 4.1. In Example 4.1, the event E is not PWD-assumed,
even though it is immediate to verify that Conditions (i) and (iii) hold for j = 0. Conditions (i)
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and (ii**) are also not sufficient for PWD-assumption. Since PWD- and BFK-assumption coin-
cide for LCPSs, our discussion at the end of Subsection 3.3 applies.

5. Proof of Theorems 3.2 and 4.1, and Proposition 4.1

We first prove that the LPS-based definitions are sufficient: if E is BFK-assumed (resp.
PWD-assumed, TWD-assumed) under o, then it is BFK-assumed (resp. PWD-assumed, TWD-
assumed) under 2-°. We need two preliminary results.

Remark 5.1. Fix some LPS ¢ = (uo, ..., 4n—1) and a Borel set E. There is some i with u; (E) >
0 if and only if there are x, y € A with x >~ y.

Remark 5.1 is a corollary of Remark 2.1.

Remark 5.2. Fix some LPS o = (uo, - .., 4n—1) and a Borel E C Q. Suppose that Conditions (i)
and (iii) hold for some j. Then, for each open set U with ENU # @, u; (U) = (ENU) >0
for some i < j.

Proof. Fix some open set U with E N U # @. By Condition (iii), for each w € E N U, there is
some i < j with @ € supp ;. Since U is an open neighborhood of w, w;(U) > 0. By Condi-
tion (i), wi; (ENU)=u;(U)>0. O

Proof of Theorems 3.2 and 4.1, Sufficiency. If E is TWD-assumed under o at level j (a fortiori,
if it is PDW-assumed or BFK-assumed), then Non-triviality holds. This follows from Remark 5.2
and Remark 5.1. We show that, if E is TWD-assumed (resp. PWD-assumed, BFK-assumed)
under o, then TWD Determination (resp. PWD Determination, Strict Determination) holds.

The arguments for TWD and PWD Determination are similar; we present them concurrently.
Consider acts x, y € A such that x (@) > y(w) for all w € E, and suppose further that there exists
a nonempty set F' C E such that x(w) > y(w) for all w € F. If E is TWD-assumed (a fortiori, if
it is PWD-assumed) under o at level j, then Condition (i) holds, and implies that

/xdm =/xdui E/ydm =/ydui
E E

foralli <j.

If E is TWD-assumed and § 2 F = U N E for some open U, then by Remark 5.2, there exists
some i < j such that u;(U N E) > 0. If instead E is PWD-assumed and F is Borel and not
=9 -null, then by Remark 5.1 there exists some i such that u; (F) > 0; moreover, by (ii**), we
can take i < j. Therefore, in either case, there is i < j such that

/xdui =/xdm > /ydm =/ydm,
E E

and so x > y. This establishes TWD Determination and, respectively, PWD Determination.
Finally, suppose that E is BFK-assumed under o . Consider acts x, y € A such that x > y.
Then, there exists some k =0, ...,n — 1 so that

(@) [p(x—y)du; =0foralli <k —1and
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(®) [5(x — y)dg > 0.

It suffices to show that k < j; if so, then by Condition (i), it follows that x > y. .
Suppose, contra hypothesis, k > j. Then, by Condition (ii*), there exists (0/5, e, a];) e R/t
so that

J
f (x = ndux =Yy _af / (x = y)dp; =0,
E =0 g

where the second equality follows from (a). But this contradicts (b). O

We now turn to the proof of necessity: if E is TWD-assumed (resp. PWD-assumed, BFK-
assumed) under =7, then it is TWD-assumed (resp. PWD-assumed, BFK-assumed) under o.

First, we show that, if E is TWD-assumed under %, Condition (i) must hold for j = 0.
A fortiori, this conclusion holds if E is PWD-assumed or BFK-assumed under ~°. Second, we
show that, if E is TWD-assumed, PWD-assumed, or BFK-assumed under =, then there exists
a j such that Condition (i) holds, and in addition the measures (11, ..., 4y—1 are ‘redundant’
in the appropriate sense. (Refer to the discussion on pages 964 and 968.) Third, we show that the
weakest notion of redundancy—that implied by TWD-assumption—implies Condition (iii).

Several of these steps mirror the observations and examples above. The first is analogous to
Observation 3.1.

Lemma 5.1. Fix an LPS o0 = (uo, . . ., in—1). If E is TWD-assumed under =°, then uo(E) = 1.

Proof. Suppose that E is TWD-assumed under >-°. By contradiction, suppose that uo(E) < 1.
Consider acts x and y so that x(w) = ¢ € (0, uo(Q\E)) for all w € @, y(w) =0 forall w € E,
and y(w) =1 forallw ¢ E. Since x(w) > y(w) forallw € E = QN E, and Q is open, x TWDg y.
But,

fydﬂo = no(Q\E) > ¢ = /xduo,
Q Q
contradicting TWD Determination. Thus, uo(E) =1. O

The next two Lemmas state that assumption implies Condition (i) holds for some j =
0,...,n — 1. Furthermore, the Lemmas show that, if an event E is TWD-assumed, PWD-
assumed, or BFK-assumed under ~-?, the measures p j+1s -+ Mp—1 satisfy suitable redundancy
properties.

The cases of TWD-assumption and PWD-assumption can be handled concurrently.

Lemma 5.2. Fix an LPS o and an event E that is TWD-assumed or PWD-assumed under 7-° .
Then, there exists some j so that

1) wi(E)y=1foralli <j.

Furthermore, if E is TWD-assumed under 7-°, then
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@1i***) for each k > j and each open U, if ux(U N E) > O, then there exists i < j so that
wi(UNE)>0;

and if E is PWD-assumed under 7°, then

@ii**) for each k > j and each F C E Borel, if ug(F) > 0, then there exists i < j so that
wi(F) > 0.

Proof. By Lemma 5.1, Condition (i) holds for j = 0. Let j be the largest number satisfying
E is not TWD-assumed (resp. PWD-assumed) under ~°.

If j =n—1, then Conditions (ii***) and (ii**) hold vacuously. Thus, suppose j < n—1. Since
J 1s the largest number satisfying Condition (i), we have u j11(2\E) > 0. Fix aBorel F C E and
consider acts x and y satisfying the following: x(w) =& € (0, ;41 (2\E)) forw € F, x(w) =0
fo¢g F,y(w)=0ifweEand y(w)=1ifw ¢ E.

We now consider two cases. First, suppose that £ is TWD-assumed, and there exists an open
U suchthat F=UNE and ux(UNE) > 0forsomek > j+ 1. Then UNE # ¥, s0 x TWDg y,
and TWD Determination implies that x > y.

Second, suppose that E is PWD-assumed, and uy (F) > O for some k > j 4 1. By Remark 2.1,
F is not =% -null. Then x PWD% y and so, by PWD Determination, x > y.

To sum up, in either case x =° y and ux(F) > 0 for some k > j + 1. Suppose that u; (F) =0
foralli < j. Then u;(E\F)=1foralli < j, so

/xdm=/xdui=0=fydui=/ydm,
Q E E Q

for all i < j. Moreover, since x 227 ,

M4/+1(F)5:/Xdl$,j+l z/ydeH = u1j+1(Q\E).
Q Q
But this contradicts the fact that ;1 (\E) > ¢ > 0 and w41 (F) < 1. Therefore, there must

be i < j such that u;(F) > 0. Hence, if E is TWD-assumed (resp. PWD-assumed) under ~°,
Condition (ii**%*) (resp. (ii**)) holds. O

If U is open, then U N E is Borel; thus, Condition (ii**) implies Condition (ii***).
Now consider BFK-assumption. We break up the argument into two Lemmas.

Lemma 5.3. Fix an LPS 0 = (1o, . .., hn—1)- If E C Q is BFK-assumed under 7-°, then there is
some j =0,...,n— 1 such that

(1) wi(E)y=1foralli <j, and
() if [(x —y)du; =0foralli < j, then [ (x —y)du; =0 foralli =0,...,n— 1.

Proof. Fix an LPS o = (uo,..., tn—1) on Q such that E is BFK-assumed under ~°. By
Lemma 5.1 and the fact that BFK-assumption implies TWD-assumption, puo(E) = 1. Let k =
max{f{ =0,...,n—1:u;(E)=1foralli <{¢}. If k =n — 1 then condition (¢) holds trivially.



972 E. Dekel et al. / Journal of Economic Theory 163 (2016) 955-985

Suppose instead that k < n — 1 and condition (¢) fails. Then there are acts x, y and a number
l=k+1,...,n— 1 such that

e [(x—y)du;=0foralli <I—1,and
o [p(x—y)du >0.

We will use these acts and the fact that x4 1(E) < 1, to construct acts X and Z such that ¥ > 2
and Z > x. This contradicts Strict Determination.

For each p € (0, 1), let z[p] be the act with z[p](w) = px(w) + (1 — p)y(w) for all w € Q.
Note that forany i =0,...,n — 1,

/(x —z[pDdu; = (1 — p) /(x —y)du;.
E E

So, foreach p € (0, 1),

o [p(x—z[pdu; =0foralli <I—1,and
o [p(x—z[pDhdu; > 0.

It follows that, for each p € (0, 1), x >‘E zlpl.

Construct acts ¥ = (xg, _O)Q\E) and zZ[p] = (zlplE, _1>Q\E). Certainly, for each p € (0, 1),
X >% Z[p]. Moreover, since u; (E) = 1 for all i <k, it follows that, for each p € (0, 1) and each
i <k, fQ(E[p] — x)du; = 0. Next note that, for each p € (0, 1),

/(2[/0] — X)dpg1=(1-p) /(y —xX)dpkr1 + i1 (R\E).
Q E

Since pi4+1(R2\E) > 0, there exists p* € (0, 1) large enough so fQ(E[p*] — %)dugs1 > 0 and so
Z[p*1 =% x. O

Lemma 5.4. Fix an LPS 0 = (g, - .., tn—1). Suppose that E C Q2 is Borel and, for some j =
0,...,n—1,

(©) [px —y)dui =0foralli < j = [p(x —y)du; =0 foralli =0,...,n—1.
Then,

(ii*) for each k > j, there exists (aé, e oz]j‘.) e RI*! 50 tha, for each Borel F C E, up(F) =
> _gefwi(F).

Proof. Take j so that condition (<) holds. Fix some k > j. We will show that there exists
(ozg, e, alj‘.) € R/*! 5o that, for any Borel F C E, i (F) = Z{zoafui(F).

Let B denote the vector space of bounded Borel-measurable functions b : € — R. For each
i=1,...,j,k, define linear functionals Ti,...,7;, T on B by T;(b) = fE bdu;. By condi-
tion (¢), if x, y € A with T; (x — y) =0 for all i < j, then Ty (x — y) = 0. Now, note that 3 is the
set of all functions of the form y (x — y) fory € R4 and x, y € A. So, foreach b € B, T; (b) =0
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foralli < j implies that 7} (b) = 0. Hence, by the Theorem of the Alternative (see Aliprantis and
Border, 2007, Corollary 5.92), there exists ((x'o‘, ey o/]‘.) eR/M with T =Y/, af]}.
For any F C E Borel, it follows that

J J
- - > -
path) = [(T e T =Y ol [T Tanrdws = Y e
7 i=0 3 i=0

as desired. O

Finally, we show that, under Non-Triviality, Condition (ii***) implies Condition (iii) in Defi-
nition 4.6.

Lemma 5.5. Fix an LPS 0 = (9, ..., Un—1) and a Borel E C Q for which Non-Triviality holds
under 2Z°. If Condition (ii***) holds for some j, then E C Ui</ supp i, i.e., Condition (iii)
holds. -

Proof. Let U = Q\(lJ; < supp i) and observe that U is open. Suppose, contra hypothesis, that
E NU # . Then, by Non-Triviality, £ N\ U is not 7% -null. By Remark 2.1, there exists k such
that ux (E NU) > 0. By the definition of U, for any ¢ with u,(ENU) > 0, £ > j. So there exists
k> j with ux(ENU) > 0. But, u; (ENU) =0 for all i < j, which contradicts the fact that
Condition (ii***) must hold. O

Proof of Theorems 3.2 and 4.1, Necessity. Fix an LPS o = (uo,..., un—1) and a Borel
E C Q. Lemmas 5.2 and 5.5 show that, if E is TWD-assumed under -7, then it is TWD-
assumed under o. Having established necessity for TWD-assumption, we turn to PWD- and
BFK-assumption. First recall (see page 968) that if (ii*) or (ii**) hold for some j, then (ii***)
holds for that j. Therefore Lemmas 5.2 and 5.5 also show that, if E is PWD-assumed under -,
then it is PWD-assumed under o . Finally, Lemmas 5.3, 5.4, 5.5 show that, if E is BFK-assumed
under =7, then it is BFK-assumed under . O

Theorems 3.2 and 4.1 readily imply Proposition 4.1, i.e., the equivalence of BFK-assumption
and PWD-assumption for LCPSs.

Proof of Proposition 4.1. By Theorems 3.2 and 4.1, it is enough to show that Conditions (ii**)
and (ii*) are equivalent. We argued on page 968 that (ii) in Theorem 3.1 implies (ii*), which
implies (ii**). Thus, it is enough to show that (ii**) implies (ii). To see this, suppose that (ii)
fails. Then there is k > j such that ui(E) > 0. Since o is an LCPS, there is a Borel Uy such
that ux(Ux) = 1 and p; (Uy) =0 for all i # k. Therefore, E N Uy is Borel and ux(E N Uy) > 0.
Moreover, w; (E N Uy) < ui(Ux) =0 forall i £k, so (ii*¥) fails. O

6. Application: SAS and TIA

This section applies the LPS-based characterizations of assumption to BFK’s game-theoretic
analysis. We consider type structures where types map to arbitrary LPSs, rather than LCPSs.
We formalize (lexicographic) rationality, assumption of rationality, etc., for the three variants of
assumption. We show that, independent of the variant of assumption, self-admissible sets capture
the behavioral implications of rationality and common assumption of rationality across all type



974 E. Dekel et al. / Journal of Economic Theory 163 (2016) 955-985

structure. Moreover, independent of the variant of assumption, iterated admissibility captures the
behavioral implications of rationality and mth-order assumption of rationality, in a complete type
structure.

As in BFK, we restrict attention to two-player games. Fix a game (S,, Sp, 74, 7p) where S,
(resp. Sp) is a finite strategy set for Ann (resp. Bob) and m, (resp. m) is a payoff function.

6.1. Solution concepts
The following definitions are standard.

Definition 6.1. Fix Y, x Y}, € S, x Sj. A strategy s, € Y, is weakly dominated with respect to
Y, x Yp if there exists pu, € P(S,), with u,(Y,) = 1, such that w, (g, Sp) = 74 (4, sp) for every
sp € Yp, and 7, (g, Sp) > 74(S4, sp) for some s, € Yp. Otherwise, say s, is admissible with
respect to Y, x Y. If s, is admissible with respect to S, x Sp, simply say that s, is admissible.

Definition 6.2. Set Sg =S, and Sg = Sp. Define inductively

Sl = {5, € S : 54 is admissible with respect to S7 x Si'};
and, likewise, define S’ A strategy s, € S is called m-admissible. A strategy s, € [ S”"
is called iteratively admissible (IA).

The following definitions are due to BFK.

Definition 6.3. Say r, supports s, if there exists some u, € P (S,) with r, € supp u, and
a (g, Sp) = 704 (Sq, sp) for all s, € Sp. Write su (s,) for the set of r, € S, that support s,,.

Definition 6.4. Fix O, x Qp € S, x Sp. The set Q, x Qy is a self-admissible set (SAS) if:

(a) each s, € Q, is admissible,
(b) each s, € Q, is admissible with respectto S; x Qp,
(c) forany s, € Qg, if ry €su(s,) thenr, € Qg,

and likewise for each s, € Qp.
6.2. Epistemic analysis

For each n € N, write NV, (2) for the set of LPSs of length n, o = (uo, ..., in—1), and write
N(Q) = U,enyNa () for the set of LPS. Write N'T(Q) for the set of o € A that have full
support. Define a metric on AV (2) as follows: The distance between two sequences of measures
(Ko, - -» Un—1) and (vp, ..., v,—1) of the same length is the maximum of the Prohorov distances
between u; and v; for all i < n. The distance between two sequences of measures of different
lengths is 1. With this, AV/(2) is a Polish space and, by Corollary C.1 in BFK, N () is Borel.

Definition 6.5. An (S,, Sp)-based type structure is a structure

(S(lv Sba Taa Tb’ )\aa Ab)’

where T, and T} are nonempty Polish type spaces, and A, : T, — N (Sp x Tp) and Ap : T —
N (S, x T,) are Borel measurable belief maps.
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Type structures are a basic representation of interactive LPS-based beliefs. Definition 6.5
differs from BFK’s Definition 7.1 in that it does not require that types be mapped to LCPSs (or
limits of LCPSs). A type structure induces a set of states, i.e., S; x T, x Sp x Tp.

In the remainder of this subsection, we fix a (S,, Sp)-based type structure (S,, Sp, Ta, Tp, Aa,
Ap). All definitions have counterparts with a and b reversed.

Definition 6.6. A strategy s, is optimal under o = (uo, ..., uy—1) if 0 € N(Sp x Tp) and

(ﬂa(sasmargsbﬂl(sb)))l -0 = (”a(ravmargsbﬂt(sb)))l -0

forall r, € S,.

Here, marg g, 11; denotes the marginal on S, of the measure y;. In words, Ann will prefer
strategy s, to strategy r, if the associated sequence of expected payoffs under s, is lexicograph-
ically greater than the sequence under r,. (If o is a length-one LPS (1), we will sometimes say
that s, is optimal under the measure j if it is optimal under (uo).)

We now formalize the epistemic conditions of interest as restrictions on strategy-type pairs.

Definition 6.7. A strategy-type pair (54, ;) € Sq x T, is rational if 1, (¢,) is a full-support LPS
and s, is optimal under A, (z;).

Next, for E C S, x Ty, set
Al)f(E) ={t, € T, : E is X-assumed under A, (t;)}, for X € {BFK, PWD, TWD}.

In words, ABFK (E) is the set of types #, € T, such that the associated LPSs A, (t,) BFK-assumes
the event E C Sj, x Tp,. Likewise, AEWD(E ) and AZWD(E ) are the sets of types that PWD-assume
and, respectively, TWD-assume E. We frequently refer to properties that hold for several variants
of assumption. For brevity, we use X to denote these variants, as in the equation above. Hence-
forth, we drop explicit reference to the fact that X is an element of the set {BFK, PWD, TWD};
this fact should be taken as implicit (as in the next observation). Note, if £ € S; x T} is not
Borel, then Aff(E) =

For finite m and any X, define the sets Rff’m as follows. Let R,i(’l be the set of all rational
(Sa,tq) € Sq x T,. Inductively, set

REMH = RXM O[S, x AX(RY™).

If (54, ta, Sps 1) € R x R;( mtl say there is rationality and mth-order X-assumption of
rationality at this state. If (sq, Z4, Sb, 1) € [ Ve RX™ Moz RZ("”, say there is rationality
and common X-assumption of rationality (RCAXR) at this state.

Recall that BFK-assumption implies PWD-assumption which, in turn, implies TWD-
assumptlon In light of this, one might conjecture that, for any ’Igvlvven type structure and any
given m, REFKm REFK m c gEWDm R,l: Dom RTWD "™ %R . (And, if so, this would
allow us to simplify proofs, taking BFK-assumption as a lower bound on behavior and TWD-
assumption as an upper bound of behavior.) However, this is not the case because assumption—in
all its forms—is not monotonic: we can have E C F, and E assumed, even though F is not as-
sumed (see BFK, p. 323). Nonetheless, we will show two behavioral equivalence results; so, at
some level, the differences between these variants of assumption will not be material for observed
behavior.
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Because there is no ranking of rationality and mth-order assumption of rationality across the
variants of assumption, we will need to establish the results separately, for each variant of as-
sumption. However, the arguments take a similar structure to one another and all follow the line
of argument in BFK (Theorems 8.1-10.1). In the Appendix, we discuss the required modifica-
tions.

6.3. Self-admissible sets

We begin by showing that SASs characterize RCAXR, independent of the choice of X €
{BFK, PWD, TWD}.

Theorem 6.1.

(1) For every type structure, proj s (), RE™ x proj s, (i Rz(’m is an SAS.
(2) For every SAS Qa x Qp, there exists a type structure such that projg, M Rﬁ‘*’” X
. X
proj g, (N Ry ™" = Qu % Qb

Part (2) is essentially Theorem 8.1(ii) in BFK. They show this by constructing a finite, LCPS-
based type structure which is, a fortiori, an LPS-based type structure. In such a type structure, all
three notions of assumption coincide. 12 Part (1) is an analogue of Theorem 8.1(i) in BFK. In con-
trast to BFK, we allow for arbitrary LPS-based type structures and employ our characterizations
of assumption. As noted, in the Appendix we indicate how to adapt BFK’s proofs.

Within a given type structure, RCAXR may have different—and potentially incompatible—
behavioral implications for different admissibility concepts. That is, within a given type struc-
ture, the sets projg (1, RX™ x proj s, M R,)f’m may be disjoint for any pair of distinct X €
{BFK, PWD, TWD}. Nevertheless, Theorem 6.1 states that, if we quantify across all type struc-
tures, then RCAXR has the same behavioral implications for all X. For instance, suppose that for
a given type structure, Q, x Qp C S, X S}, is the projection on the strategy set of RCABFKR;
then Theorem 6.1 says that, there exists a (potentially different) type structure so that Q, x Qp
is also the projection of RCATWPR in the different type structure. Thus, if the analyst can only
observe behavior, then RCABFKR, RCAPWPR, and RCATWDR are indistinguishable. However,
if the analyst also has information about both behavior and hierarchies of beliefs, then the three
epistemic conditions are distinguishable.

6.4. Iterated admissibility

BFK’s foundations for iterated admissibility focus on type structures that satisfy a particular
property, known as completeness. Write range A, for the range of the function A,.

Definition 6.8. A type structure is complete if N (S, x T) C range A, and N (S, x T,)
range Ap.

A complete type structure is one that is sufficiently rich: For every possible full-support LPS-
based belief a player can hold, there is a type of the player that holds that belief. Moreover, there

12 This is implied by Observation 4.1 and Proposition 4.1.
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is (at least) some type of the player that has an LPS-based belief without full support.' Section

2.4 in BFK illustrates why, from the perspective of providing foundations for iterated admissi-
bility, it is important to include types without full support (i.e., why it is important to require that
A and Ap be a strict superset of N (S, x Tp) and N7 (S, x T,)).

Again, within a given complete type structure, the sets RX™ may well be different for different
values of X. Nonetheless, Theorem 6.2 shows that they are all characterize m rounds of iterated
admissibility.

Theorem 6.2. Fix a complete type structure. For each m,

proj g, RX™ x proj S, sz’m =S, xS,

Theorem 6.2 is an analogue of Theorem 9.1 in BFK. It states that, in a complete type structure,
the strategies consistent with rationality and mth order BFK-assumption (resp. PWD-assumption,
TWD-assumption) of rationality are precisely the ones that survive m rounds of iterated admis-
sibility. Unlike BFK’s result, Theorem 6.2 allows for an LPS-based notion of a complete type
structure. It employs our characterizations of assumption to prove this result.

Finally, BFK show a negative result on the impossibility of RCAR in a complete type struc-
ture. Again, an analogous result holds in our setting. Say that player a is not indifferent if there
exist 54,74 € Sy and s, € Sp such that 7, (rg, $p) 7 7q (Sa, Sp).-

Theorem 6.3. Fix a complete type structure (Sq, Sp, Ty, Tp, ra, Ap) Where Ly and Ay are contin-
uous. If player a is not indifferent then, for any X, there is no state at which there is RCAXR.

Theorem 6.3 is an analogue of Theorem 10.1 in BFK. The result shows that BFK’s impossi-
bility of RCAR does not hinge on mutual singularity, or the choice between BFK-assumption,
PWD-assumption, or TWD-assumption.

7. Discussion: related literature

In contemporaneous work, Lee (2013) extends the results of BFK to LPSs. His elegant
approach is different from but complementary to ours. His starting point is that the same lex-
icographic preference relation may be represented by more than one LPS. (See Blume et al.,
1991b, page 66). He shows that a lexicographic preference relation - assumes an event E if
and only if Conditions (i)—(iii) in Theorem 3.1 hold for some LPS o for which =% =>. That is,
instead of providing conditions that a given LPS must satisfy for the corresponding preference
relation to assume an event E, he provides conditions that must be satisfied by at least one of the
many LPSs that represent the same preferences.

Theorem 7.1. (See Lee, 2013.) Fix an LPS o. A set E C Q is BFK-assumed under -° if and
only if there is some LPS p satisfying Conditions (i)—(iii) in Theorem 3.1 such that 7° =2F.

Lee’s result can also be derived from our Theorem 3.2. In fact, Lee (2015) gives a self-
contained proof using our characterization of assumption.

13 A type structure that is complete in the sense of BFK is complete according to this definition; the converse does not
hold.
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Appendix A. Theorems 6.1-6.3

The proofs of Theorems 8.1 and 9.1 in BFK rely on three results concerning the properties
that hold in LCPS-based type structures. (See Lemma D.1, Property 6.3, and Lemma C.4 in
BFK.) The statement and proofs of these results rely on BFK’s characterization of assumption
for LCPSs. (Proposition 4.1 implies that the same characterization holds for PWD-assumption.)
We have seen that the characterization does not apply to BFK-assumption and PWD-assumption
with arbitrary LPSs, and to TWD-assumption. To address this, we state and prove analogous
properties in our setting. (See Lemmas A.1, A.2, and A.3.)

Lemma A.1. Let A, (t;) = (o, - - . , tn—1) be a full-support LPS. Suppose t, TWD-assumes E C
Sp X Tp. Then, there exist some j so that

| suppmarg 5, i = proj g, E.
i<j
Note that if S x Tj is finite and A, (#;) = (1o, ..., un—1) TWD-assumes (a fortiori, PWD-

assumes or BFK-assumes) E at level j, then E = Uig jSupp ;. If S, x Ty is infinite, the same
may not hold. Lemma A.l shows that, if Q = §;, x T} is infinite, a similar statement holds if we

consider the marginal LPS (marg g, uo, ..., margg, itp—1) and, correspondingly, the projection
of E on Sp.
Lemma A.2. Fix a full-support LPS o € N+ (S, x Tp). If 6 X-assumes Rgf’l, Rg(’z, ..., then it

X-assumes (), Ry’
Lemma A.2 will be a consequence of a conjunction property of X-assumption.
Lemma A.3. The sets RX™ and Rz(’m are Borel.

To prove part (1) of Theorem 6.1, it is enough to replace Lemma D.1 and Property 6.3 in
BFK’s proof with Lemma A.l and Lemma A.2. To prove part (2) simply repeat BFK’s proof,
observing that BFK-assumption implies both PWD-assumption and TWD-assumption. (Obser-
vations 4.2—4.3.)

To prove Theorem 6.2, two changes to BFK’s proof are needed. First, replace Lemma D.1 and
Lemma C.4 in BFK with Lemma A.1 and Lemma A.3. Second, modify the proof of Lemma E.3
in BFK, for the case where m > 2: Skip the construction that ensures that u;(U) = 0 for all i.
(That particular construction does not work for arbitrary LPSs. Fortunately, it is not needed in
our setting.)

We now prove Lemmas A.1, A.2, and A.3.

Proof of Lemma A.1. Suppose 7, TWD-assumes E C S, x T), at level j. If 55 € proj g, E, then
there exists i < j such that w; ({sp} x Tp) > 0. (See Remark 5.2.) It follows that, if s; € proj s, E
Sp € suppmargg, (. Conversely, if s, ¢ proj s Es then EN({sp} x Tp) = @. Since each u; (E) =1
for i < j, it follows that w; ({sp} x Tp) =0 fori < j, i.e., sp ¢ Ul-sj suppmarg g, itj. O

Lemma A.4. Fix Borel sets E1, E3, ..., with E, 11 C Ey,. If a full-support LPS o = (uo, - ..,
Un—1) X-assumes each of Ey, Eo, ..., then it X-assumes ﬂm E,.
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Proof. Foreachm =1, 2, ..., there exists some j[m] € {0, ...,n — 1} so that o X-assumes E,,
at level j[m]. Let j = min{j[m]: m > 0}. Let M be some m with j = j[M]. We show that
(M, Em is X-assumed under o at level j = j[M].

For Condition (i), note that, for each i < j, u;(E,) = 1 for all m. So, by continuity,
wi((,, Em) = 1. For Condition (iii), note that (), Ew € Em < Uifj supp ;. Hence, (,, En is
TWD-assumed at level j. Now suppose that X € {BFK,PWD}. For Condition (ii*) (resp. (ii*%)),
note that each Borel F C ﬂm E,, is also a subset of Ejs. Thus, Condition (ii*) (resp. (i1¥%*))
applied to [, En follows from Condition (ii*) (resp. (ii**)) applied to Ep. O

Proof of Lemma A.2. Immediate from Lemma A.4. O

We now turn to the proof of Lemma A.3. We will break the proof into several Lemmas. The
first Lemma is standard (and so the proof is omitted).

Lemma A.5. Fix some strategy s, € S,.

(1) The set of u € P(Sp) so that s, is optimal under w is closed.
(2) The set of u € P(Sp) so that s, is strictly optimal under [ is open.

Lemma A.6. The sets Rif 1 and Rf’l are Borel.

Proof. Foreach s, € S,, define Q[s,, n] to be
Olsq,n] ={o € N,,(Sp x Tp) : 54 is optimal under o}.
Note, that
R¥ =1 U [0 % (0™ ©lswnD 0 )™ OV (S5 x To)) |
$a€Sq neNO

Since A, is measurable and N, (S, x Tj) is Borel (Corollary C.1 in BFK), it suffices to show
that each Q[s,, n] is measurable.

Write O[s,] for the set of u € P(Sp) under which s, is optimal, O*[s,] for the set of u €
‘P(Sp) under which s, is strictly optimal, and O"[s;] = O[s,]1\O*[s,]. By Lemma A.5, O%[s,],
O%[s4], and O[s,] are Borel. Note that

Olsa, nl = (0°[s4] X Ny—1(Sp x Tp)) U (0"[54] x O°[54] X Ny—2(Sp x Tp)) U - -
U (0"[sqa]l x O"[54] x -+ x Olsql),

so that O[s,, n]is Borel. O

Given a Borel set E C Q, write Sg for the set of F C E that are Borel. Of course, Sg C S.
Moreover, Sg is the Borel o-algebra on E. (See Aliprantis and Border, 2007, Lemma 4.20.)

Lemma A.7. Fixn e N’ and j =0,....,n — 1. IfE € S, then
{0 e N, () : E is X-assumed under o at level j},

is Borel.

A Corollary of Lemma A.7 is:
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Corollary 7.1. If E € S, then {oc € N (Q) : E is X-assumed under o} is Borel.

To show Lemma A.7, define the sets

J
ALl j, El=(lo € Nu(Q) : wi(E) = 1)
i=0
and
Al3.j, El={o e Ny() : E € suppjui).
i<j
Repeating the arguments in the proof of Brandenburger et al. (2008) Lemma C.3, for each j, the
sets A[1, j, E]and A[3, j, E] are Borel. Now observe that
n—1
{c e N(Q) : E is TWD-assumed under o'} = U (A[l, j,EINAI[3,j,E)].
Jj=0
This establishes Lemma A.7 for TWD-assumption.

To establish Lemma A.7 for BFK- and PWD-assumption, we will need to define sets
A[BFK, j, E]land A[PWD, j, E]. For j =0,...,n —2, let

n—1

ABFK.j.El= (] |J [)iceNa®: /Lk(F)—Za i (F)}

k=j+1 gkecRit! FeSE
and

A[PWD, j, E]

= () () {o=@0 - ptn1) €Ny pua(F)>0=3i < j, u;(F) > 0}.
FeS:FCEk=j+1
Let A[BFK,n — 1, E]= A[PWD, n — 1, E] = N;,(2)."* Observe that, for X € {BFK, PWD}
n—1
{0 e N(Q) : E is X-assumed under ¢} = U (A[l, j, EINA[X, jJINA[3, j, E]).
j=0
Thus, to show Lemma A.7 for BFK- and PWD-assumption, it suffices to show that the sets

A[BFK, j, E]and A[PWD, j, E] are Borel. This is immediate for j =n — 1. So we focus on the
caseof j =0,...,n—2.

Lemma A.8. Fix a Borel E C Q. There exists a countable algebra Fg on E that generates Sg.
Proof. Since E is a subset of a second countable space, it is second countable. Thus, there
exists a countable subbase {U', U?, ...} that generates Sg. Let F£ be the algebra generated by
{U1 LU, .}. By Rao and Rao, (1983, Corollary 1.1.14), Fg is countable. Moreover, it generates
Sg. O

In what follows, we write Fg for a countable algebra on E that generates Sg.

14 For A[X,n — 1, E] is independent of E. But, for j =0,...,n —2, A[X, j, E] depends on E.
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Lemma A.9. Fix an LPS 0 = (19, .- ., tn—1)- Fix also some j =0,...,n —2 and k > j. Then,
the following are equivalent:

(1) There exists o € RIH with ur(F) = Zij:o a;jui(F) forall F € Sg.

(2) There exists an integer M > 1 such that, for all integers m > 1, there exists p™ =
By B € QIFE N [=M, MVT with | (F) = 3/ B i (F)| < 5, for all F € Sg.

(3) There exists an integer M > 1 such that, for all in(egers m > 1, there exists ™ =
By B € QI N [=M, MVT with | (F) = 3] B i (F)| < 5; for all F € F.

Proof. Suppose part (1) holds. If Z{:() wi(E) =0, then ui(F) = 'i/=0 af‘m(F) = 0 for every
F C E Borel. In this case, take M = 1 and g = (0,...,0) € Q' n[—1, 117+
Thus, we focus on the case where Z{:O wi(E) > 0. In this case, for each m > 1, we can

choose &™ € (0, ﬁ] and B € Q/*! such that max; |B" — a;| < &™. By construction,
m 2 =g Hi

B™ — «, and so the sequence (8"),, is bounded. This implies that there exists M > 0 such that
B"el[—M, M1/ for all m. Moreover, for each m > 1 and each F C E Borel,

J J J
e (F) = > B uwi(F)| = | Y i (F) = > B i (F)
i=0 i=0 =0
J
= (ai = B (F)

i=0

J
<loy — A" Y wi(F)

i=0
J
<" wi(E)
i=0
1
<—.
T m

This establishes part (2), which in turn establishes part (3).

Next, suppose part (3) holds, i.e., there exist an integer M > 1 and a sequence (8™),, such
that, for every m > 1, " € Q/*! N [—M, MV*! and |u(F) — Y7_ B" i (F)| < L for all
F € Fg. Let M be the collection of all F' € Sg for which |uy(F) — Z{:o B i (F)| < % holds
for all m > 1. We will show that Sg C M, thereby establishing part (2).

By Lemma A.8, Sg is the o-algebra generated by Fr. So, by the Monotone Class Lemma
(Aliprantis and Border, 2007, Lemma 4.13), Sk is the smallest monotone class containing Ff.
As such, to show Sg C M, it suffices to show that M is a monotone class containing Fg.

The fact that M contains Fg follows from part (3). To see that M is a monotone class,
consider a monotonically increasing (resp. decreasing) sequence (F") of elements of M. Then
F = Un F" (resp. F = ﬂn F") are Borel and, by continuity of the measures uo, ..., 1;, iUk,
limy,— 0o i (F™) = u; (F) fori =0, ..., j, k. Therefore, lim,, o0 | g (F™) — Z{:O B i (F)| =

|k (F) = Y00 B wi (F)1, and 50 | (F) = Y)_ B i (F)| < L. Thus, M is a monotone class
containing Fg.
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Finally, suppose part (2) holds. Since g™ € Q/*! N [—M, M]/*!, there exists a convergent
subsequence (B ),; let B = (Bo, ..., B i) be its limit. By construction, for each m(£) > 1 and

4
each F € Sg |ui(F) - Y B )M,(F)| < ot It follows that, for each F € Sk, | (F) —
/_o Biwi(F)| = 0. This establishes (1). O

Lemma A.10. Fix some n € N° and some j =0, ...,n—2.IfE € S, then A[BFK, j, E] is Borel.

Proof. It suffices to show that the set

J
A'BFK, j El:= () [ {0 e Nu(@): (F) =) of i (F)

akeRi+! FeSg i=0

is Borel. Note, by Lemma A.9, Ak[BFK, Jj, El= Y* where

J
=N U N {0GNn(Q)3|Mk(F)—Z‘XiMi(F)|S%}~

MeNmeNgeQ/+IN[-M, M)+ FEFE i=0

Note that, in the definition of Y*, each of the unions and intersections are taken over count-
able sets. (Use Lemma A.8 to conclude that Fr is countable.) Thus, to show that the set
AK[BFK, j, E] is Borel, it suffices to show that, for each M > 1, « € Q! N [-M, M}/ T!,
m €N, and F € Fg the set

J
1
(o € Nu() 2 lux(F) = Y i (F)| < —}
i=0 "
is Borel. To show this set is Borel, it suffices to show that the map F : N,,(2) — R defined by

J
F (o, -y tn) = ik (F) = Y @i (F)
i=0

is measurable.
Note that F is measurable if and only if G is measurable, where

J
G (o, - tn) = i (F) = Y e i (F).
i=0
(See Aliprantis and Border, 2007, Theorem 4.27.) Define maps g; : M,(2) — R where
gi(no, ..., un) = ni(F). For each i, 8 is measurable. (See Aliprantis and Border, 2007,
Lemma 15.16.) With this G = g — Z{:o «; g 1s measurable (Aliprantis and Border, 2007, The-
orem 4.27), as desired. O

Fix some n € N’ and j =0,...,n — 2. For any k > j and Borel F € S, define
AM[PWD, j, EX(F) ={o = (1o, - -, 1) € Ny 1 i (F) > 0= 3i < j, i (F) > 0},
Then, set

A‘[PWD, j,E1= (1) A“[PWD, j EX(F)
FeS:FCE
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and observe that A[PWD, j, E] = ﬂz;}H Ak[PWD, J, E].

Lemma A.11. Fix somen e N’ and j =0,...,n —2.

(i) Foranyk > j and Borel F € S, AK[PWD, j, E1(F) is Borel.
(ii) If E € S, then Ak[PWD, J, E] is Borel.
(iii) If E € S, then A[PWD, j, E] is Borel.

Before we prove Lemma A.11, it will be convenient to introduce a background lemma. Ob-
serve that, since €2 is second-countable, its topology admits a countable base O. Let C = {2\ O :
O € O}. Then C is countable, and every closed set C is an intersection of elements of C.

Lemma A12. If F € S, then w(F) =sup{u(C): C €C}.

Proof. Since 2 is Polish, every Borel measure on €2 is regular (Aliprantis and Border (2007),
Theorem 12.7) and hence inner regular (Aliprantis and Border (2007), Definition 12.2 and
Lemma 12.3): that is, for every Borel F € S, w(F) = sup{u(C) : C C F, C closed }. Since any
closed set is an intersection of elements of C, this is equivalent to £ (F) = sup{u(C): C € C}. O

Proof of Lemma A.11. Let F € S and define

Pi(F)={(no, ..., n—1) €Ny : ;(F) >0} and
Zi(F) ={(o, - .+, tn—1) €Ny : ; (F) = 0}

foreachi =0,...,n — 1. By Lemma 15.16 in Aliprantis and Border (2007), the sets P;(F) and
Z;(F) are Borel.

Fix k > j. Observe that o = (i, ..., in—1) € AX[PWD, j, E|(F) if either u;(F) =0, or
wi(F) > 0 for some i < j. Therefore,

J
AK[PWD, j, EY(F) = Z;(F) U U P (F)
i=0

This is a finite union of Borel sets, and so it is Borel. This establishes part (i).
To complete the proof, it suffices to show part (ii). (Part (iii) follows immediately from
part (iii).) Set

A“PWD, jl= (] A“[PWD, . EX(C).
CeC:CCE

First observe that, by part (i) and the fact that C is countable, Ak[PWD, j1 is Borel. Thus, it
suffices to show that Ak[PWD, jl= A¥[PWD, j, E].

Observe that C C S and so AK[PWD, j, E] € A¥[PWD, j]. We show A*[PWD, j] C
AX[PWD, j, E]: Fix some o = (o, ..., Un—1) € A~k[PWD, j1. Consider a Borel F € S. Sup-
pose that ug(F) > 0. By Lemma A.12, there is C € C such that ¢4(C) >0and CC F C E.
Since o € AK[PWD, j, E](C), there is i < j such that u;(C) > 0. Hence u;(F) > 0. Thus
o € AK[PWD, j,E]. O

Proof of Lemma A.7. Immediate from the earlier argument and Lemmas A.10-A.11. O
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Finally, we conclude with Theorem 6.3. The proof of Theorem 10.1 in BFK relies on Prop-
erty 6.2 and Lemmas F.1 and F.2 therein. Property 6.2 holds for all LPSs (repeat the proof in
BFK). The proofs of the two Lemmas begin by fixing a type t¢ which maps to a full-support
LCPS. BFK then use this type to construct a continuum of related types u“ that satisfy certain
properties. Although in our setting types may correspond to general LPSs, we can still find a type
t¢ that maps to a (full-support) LCPS. In that case, the proof of Lemma F.1 follows verbatim.
Likewise, the proof of Lemma F.2 applies verbatim for BFK-assumption and PWD-assumption,
since the concepts coincide for LCPSs (Proposition 4.1).13

Because TWD-assumption does not coincide with BFK-assumption for LCPSs, we must pro-
vide a separate proof of Lemma F.2 for arbitrary LPSs. The key step is to replace Lemma E.2
with an analogue for LPSs. With that, we can repeat the argument in BFK (modulo making the
correction discussed in Footnote 15). Parts (i) and (ii) of Lemma E.2 follow immediately for
arbitrary LPSs. Part (iv) follows immediately from Part (iii). Thus, it suffices to show part (iii)
for arbitrary LPSs and TWD-assumption. We conclude with that argument.

Say two LPSs on Sp x Tp, viz. 0 and p, are equivalent if o = (uo,..., Un—1), P =
(vo, ..., vy—1) and for each i, (a) marg §,Mi = margg, v; and (b) u; and v; have the same null
sets. The following is the analogue of Lemma E.2(iii) for TWD-assumption:

Lemma A.13. If 0 = (1o, ..., un—1) and p = (vg, ..., vy—1) are equivalent and o TWD-
assumes a Borel set E C Sy x Tp, the p TWD-assumes E.

Proof. Since 0 TWD-assumes E, there exists some j = 0,...,n — 1 so that conditions (i)
and (iii) hold. Since, for each i, u; and v; have the same null sets, it follows that w;((Sp x
TH\E) = vi((Sp x TH)\E) =0 for i < j; thus, v;(E) =1 for all i < j. We next show that
E CJ;<;suppv;.

Suppose not, i.e., E is not contained in |, <jsuppv;. Then U = (Sp x Tb)\Ul<] supp v;
is an open set with E N U # (. Observe that E NnNU C Ul<] supp i;. So, for each (sp, ) €
(ENU), there exists i < j with (sp, ) € supp u;. Since U is an open neighborhood of (s, 1),
i (U) > 0. And since u; (E) =1, u;(E N U) > 0. But then since u; and v; have the same null
sets, v; (E N U) > 0, contradicting the definition of U. O
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